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Characteristic cycle of a rank one sheaf
and ramification theory
YURI YATAGAWA
Abstract
We compute the characteristic cycle of a rank one sheaf on a smooth surface over a
perfect field of positive characteristic. We construct a canonical lifting on the cotangent
bundle of Kato’s logarithmic characteristic cycle using ramification theory and prove
the equality of the characteristic cycle and the canonical lifting. As corollaries, we
obtain a computation of the singular support in terms of ramification theory and the
Milnor formula for the canonical lifting.
Introduction
As an analogy between the wild ramification of ℓ-adic sheaves on a smooth variety in positive
characteristic and the irregular singularity of partial differential equations on a complex
manifold suggests, the characteristic cycle of a constructible complex of e´tale sheaves on a
smooth variety over a perfect field is defined to be an algebraic cycle on the cotangent bundle
of the variety. The characteristic cycle is defined by Saito [S5] using the singular support
defined by Beilinson [Be] and is characterized by the Milnor formula which computes the total
dimension of the space of vanishing cycles as an intersection number of the characteristic
cycle. Further the characteristic cycle satisfies the index formula ([S5, Theorem 7.13]) which
computes the Euler characteristic as the intersection number of the characteristic cycle with
the zero section of the cotangent bundle when the variety is projective.
We consider a computation of the singular support and the characteristic cycle of an e´tale
constructible sheaf. Let X be a smooth variety over a perfect field k of characteristic p > 0
and D a divisor on X with simple normal crossings. Let F be a smooth sheaf of Λ-modules
on U = X − D, where Λ is a finite field of characteristic 6= p. If the zero extension j!F of
F by the open immersion j : U → X satisfies the strongly non-degenerate condition ([S5,
Subsection 4.2]), then computations of the singular support SS(j!F) and the characteristic
cycle CC(j!F) of j!F are given by Saito [S5] using ramification theory. In a more general
setting, computations of SS(j!F) and CC(j!F) remain to be discovered.
In this manuscript, we assume that X is a smooth surface and that the sheaf F is of
rank one. We do not assume any condition on the ramification of j!F . The invariants of
ramification which we use to compute the singular support SS(j!F) and the characteristic
cycle CC(j!F) are obtained explicitly by computing Witt vectors defining the smooth sheaf
F , their differentials, and the blow-ups at closed points.
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For our computations of SS(j!F) and CC(j!F), we use Kato’s logarithmic characteristic
cycle Charlog(X,U, χ) ([K2]) on the logarithmic cotangent bundle T ∗X(logD) of X with
logarithmic poles along D. Here the symbol χ denotes the character of πab1 (U) corresponding
to F . We first construct a canonical lifting CharK(X,U, χ) on the cotangent bundle T ∗X
of X of Kato’s logarithmic characteristic cycle Charlog(X,U, χ) using ramification theory
((4.2) and Theorem 4.2 (ii)). Then we prove the equality of the characteristic cycle and the
canonical lifting:
Theorem 0.1 (Theorem 6.1). Assume that X is purely of dimension 2. Then we have
(0.1) CC(j!F) = Char
K(X,U, χ).
Since the canonical lifting is constructed using ramification theory, Theorem 0.1 gives a
computation of the characteristic cycle CC(j!F) in terms of ramification theory. Further,
since the singular support SS(j!F) is equal to the support of the characteristic cycle CC(j!F)
(Lemma 1.7), Theorem 0.1 gives a computation of the singular support SS(j!F) in terms of
ramification theory.
We give an outline of our proof of Theorem 0.1. Since the strongly non-degenerate
condition is satisfied when we restrict the sheaf j!F to outside a closed subset of codimension
≥ 2, Saito’s computation of the characteristic cycle in the strongly non-degenerate case gives a
computation by using ramification theory of the irreducible components of the support of the
characteristic cycle CC(j!F) whose intersection with the zero section is of codimension ≤ 1 in
the variety and together with their multiplicities in CC(j!F). By using this computation, we
construct a canonical lifting CharK(X,U, χ) to be equal to CC(j!F) outside a finitely many
closed points of D. Then it is sufficient to prove the equality tx = ux of the multiplicities
tx and ux of the fiber at each closed point x of D in Char
K(X,U, χ) and CC(j!F). By
using the fact that the characteristic cycle and the canonical lifting are defined e´tale locally,
we reduce the proof to the case where X is projective over an algebraically closed field by
taking a smooth compactification of X if necessary. Then the characteristic cycle CC(j!F)
satisfies the index formula. The canonical lifting also satisfies the index formula (Theorem
3.4) obtained by the index formula for the logarithmic characteristic cycle of a clean sheaf
([K2], [S1, Corollary 3.8]) and the resolution of non-clean points ([K2, Theorem 4.1]). By
using the index formulas and the resolution of non-clean points, we reduce the proof to the
case where the sheaf is clean. We establish the homotopy invariance of the characteristic
cycle of a clean rank one sheaf on a smooth surface (Proposition 5.1), which implies the
canonical lifting determines the characteristic cycle. By using the homotopy invariance, we
reduce the proof to the case where X = P2k and further to the case where F is has a finite
set Σ of closed points of D containing x such that (ty, uy) = (tx, ux) for every y ∈ Σ and that
ty = uy for every closed point y /∈ Σ of D. Then we obtain the equality tx = ux by using the
index formulas of the characteristic cycle and the canonical lifting.
We briefly describe the construction of this paper. In Section 1, we briefly recall the
definition and properties of the characteristic cycle. We recall Brylinski-Kato’s logarithmic
ramification theory and Matsuda’s non-logarithmic variant in Subsection 2.1. At the end of
Subsection 2.1, we give a form and a partial description of the characteristic cycle of a rank
one sheaf on a smooth surface using ramification theory, which is already known by Saito.
In Subsection 2.2, we study the clean and non-degenerate conditions in detail. We prove the
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equality of the zero extension and the direct image by the open immersion of a clean rank
one sheaf which is ramified along every irreducible component of the boundary in Subsection
2.3.
The definition of Kato’s logarithmic characteristic cycle is recalled in Subsection 3.1. We
prove the singular support of a clean rank one sheaf is contained in the preimage of the support
of the logarithmic characteristic cycle by the canonical morphism from the cotangent bundle
to the logarithmic cotangent bundle in Subsection 3.2. We construct a canonical lifting on
the cotangent bundle of the logarithmic characteristic cycle of a rank one sheaf on a smooth
surface in Section 4. We prove the homotopy invariance of the characteristic cycle of a clean
rank one sheaf on a smooth surface in Section 5.
We state the main theorem Theorem 6.1, which gives a computation of the characteristic
cycle of a rank one sheaf on a smooth surface using ramification theory, and prove a few
corollaries including a computation of the singular support of the sheaf in Subsection 6.1.
We give a proof of the main theorem in Subsection 6.2. We first give a format of the proof
of the main theorem and then prove the main theorem following the format.
The author would like to express her sincere gratitude to Professor Takeshi Saito for
leading her to the study of the characteristic cycle, a lot of discussions, a lot of advice for the
manuscript, and his patient encouragement. The author thanks Professor Shigeki Matsuda
for answering a question on a comment on cleanliness in his paper [M]. Some parts of the
study are done during her stays at IHES supported by the Program for Leading Graduate
Schools, MEXT, Japan for three months in total in autumn in 2013 and 2014 and a stay
at the Freie Universita¨t Berlin supported by JSPS KAKENHI Grant Number 15J03851 for
three weeks in summer in 2015. The author would like to thank Professor Ahmed Abbes
and Professor He´le`ne Esnault for their hospitalities. This work is partially supported by
the Program for Leading Graduate Schools, MEXT, Japan, JSPS KAKENHI Grant Number
15J03851, and the CRC 1085 Higher Invariants at the University of Regensburg.
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1 Characteristic cycle
We briefly recall the characteristic cycle defined in [S5]. The characteristic cycle is defined for
a constructible complex on a smooth scheme over a perfect field using the singular support
defined by Beilinson [Be].
Let k be a perfect field of characteristic p > 0 and X a smooth scheme over k. Let Λ be
a finite field of characteristic prime to p. Let T ∗X = SpecS•Ω1∨X be the cotangent bundle of
X and T ∗XX the zero section of T
∗X . We say that a closed subset C of a vector bundle over
X is conical if C is stable under the multiplication by scalars. For a morphism h : W → X
of smooth schemes over k, let dh : T ∗X ×X W → T
∗W be the morphism of vector bundles
over W yielded by h and let h∗C = C ×X W be the pull-back of a closed conical subset C of
T ∗X to T ∗X ×X W .
Definition 1.1 ([Be, 1.2], [S5, Definition 3.3, Definition 3.5]). Let C be a closed conical
subset of T ∗X .
(i) We say that a morphism h : W → X of smooth schemes over k is C-transversal at a
point w ∈ W if the subset (dh−1(T ∗WW )∩ h
∗C)×W w ⊂ T
∗X ×X w is contained in the
zero section T ∗XX ×X w.
We say that a morphism h : W → X of smooth schemes over k is C-transversal if the
subset dh−1(T ∗WW ) ∩ h
∗C ⊂ T ∗X ×X W is contained in the zero section T
∗
XX ×X W .
(ii) Let h : W → X be a C-transversal morphism of smooth schemes over k. We define a
closed conical subset h◦C ⊂ T ∗W to be the image of the subset h∗C ⊂ T ∗X ×X W by
dh : T ∗X ×X W → T
∗W .
(iii) We say that a morphism f : X → Y of smooth schemes over k is C-transversal at a
point x ∈ X if the subset df−1(C) ×X x ⊂ T
∗Y ×Y x is contained in the zero section
T ∗Y Y ×Y x.
We say that a morphism f : X → Y of smooth schemes over k is C-transversal if the
subset df−1(C) ⊂ T ∗Y ×Y X is contained in the zero section T
∗
Y Y ×Y X .
(iv) We say that a pair (h, f) of morphisms h : W → X and f : W → Y of smooth schemes
over k is C-transversal if h : W → X is C-transversal and if f : W → Y is h◦C-
transversal.
We note that if a morphism h : W → X of smooth schemes over k is C-transversal for a
closed conical subset C ⊂ T ∗X , then the restriction dh|C : C → T
∗W of dh to C is finite by
[S5, Lemma 3.1].
We say that a complex F of e´tale sheaves of Λ-modules on X is a constructible complex
of Λ-modules if the cohomology sheaves Hq(F) of F are constructible for every q and are
equal to 0 except for finitely many q.
4
Definition 1.2 ([Be, 1.3]). Let F be a constructible complex of Λ-modules on X .
(i) We say that F is micro-supported on a closed conical subset C ⊂ T ∗X if for every
C-transversal pair (h, f) of morphisms h : W → X and f : W → Y of smooth schemes
over k the morphism f : W → Y is locally acyclic relatively to h∗F .
(ii) The singular support SS(F) of F is the smallest closed conical subset of T ∗X where
F is micro-supported.
By [Be, Theorem 1.3], the singular support SS(F) exists for every constructible complex
F of Λ-modules on X . Further, if X is purely of dimension d, then SS(F) is purely of
dimension d.
Lemma 1.3. Let F ′ → F → F ′′ → be a distinguished triangle of constructible complexes of
Λ-modules on X. Let C and C ′′ be closed conical subsets of T ∗X and put C ′ = C ∪C ′′. If F
and F ′′ are micro-supported on C and C ′′ respectively, then F ′ is micro-supported on C ′.
Proof. Let (h, f) be a C ′-transversal pair of morphisms h : W → X and f : W → Y of smooth
schemes over k. By [Be, Theorem 1.5], we may assume that Y is a smooth curve over k.
Let w be a point on W and w¯ an algebraic geometric point lying above w. We consider the
morphism
h∗F ′w¯

// h∗Fw¯ //

h∗F ′′w¯

//
ϕw¯(h
∗F ′, f) // ϕw¯(h
∗F , f) // ϕw¯(h
∗F ′′, f) //
of distinguished triangles of complexes on w¯. Here ϕw¯ denotes the stalk of nearby cycle
complex at w¯. Since (h, f) is C-transversal and C ′′-transversal, the middle and right vertical
arrows are isomorphisms. Hence the left vertical arrow is an isomorphism, which deduces the
assertion.
Definition 1.4 ([S5, Definition 5.3.1]). Let C ⊂ T ∗X be a closed conical subset. Let (h, f)
be a pair of an e´tale morphism h : W → X and a morphism f : W → Y to a smooth curve
over k. Let w be a closed point of W . We say that w is at most an isolated C-characteristic
point of f if there exists an open neighborhood V ⊂W of w such that the pair of restrictions
h|V−{w} : V −{w} → X and f |V−{w} : V −{w} → Y of h and f to V −{w} is C-transversal.
Theorem 1.5 (Milnor formula, [S5, Theorem 5.9, Theorem 5.18]). Assume that X is purely
of dimension d. Let F be a constructible complex of Λ-modules on X. Let C =
⋃
aCa
be a closed conical subset of T ∗X purely of dimension d with irreducible components {Ca}a
such that F is micro-supported on C. Then there exists a unique Z-linear combination
CC(F) =
∑
ama[Ca] independent of C such that for every pair (h, f) of an e´tale morphism
h : W → X and a morphism f : W → Y to a smooth curve Y over k and for every at most
isolated C-characteristic point w ∈ W of f we have
− dimtotφw(h
∗F , f) = (h∗CC(F), df)T ∗W,w.
Here the left hand side denotes minus the total dimension of the space of vanishing cycles
at w, and the right hand side denotes the intersection number supported on the fiber at w of
h∗CC(F) with the section df of T ∗W defined by the pull-back of a basis of T ∗Y .
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Definition 1.6 ([S5, Definition 5.10]). Let F be a constructible complex of Λ-modules on
X . We call CC(F) in Theorem 1.5 the characteristic cycle of F .
We note that CC(F) is compatible with the pull-back by the projection Xk¯ → X and
that the support of the characteristic cycle CC(F) of F is contained in the singular support
SS(F) of F . For a cycle A =
∑
ama[Ca] on a vector bundle over X , the support of A means
the union of Ca such that ma 6= 0. If h : W → X is an e´tale morphism, then we have
h∗CC(F) = CC(h∗F)
by [S5, Lemma 5.11.2].
Lemma 1.7. Assume that X is purely of dimension d. Let U be an open subscheme of X
and j : U → X the open immersion. Let F be a smooth sheaf of Λ-modules on U . If j is
affine, then we have (−1)dCC(j!F) ≥ 0 and the support of CC(j!F) is SS(j!F).
Proof. Since F is assumed to be locally constant, the complex F [d] is a perverse sheaf by
[BBD, Examples 4.0]. Since j is assumed to be affine, the sheaf j!F [d] is a perverse sheaf by
[BBD, Corollary 4.1.10 (i)]. Hence we have CC(j!F [d]) ≥ 0 and the support of CC(j!F [d])
is SS(j!F [d]) by [S5, Proposition 5.14]. Thus the assertion holds by [S5, Lemma 5.13.1] and
Lemma 1.3.
If X is proper over an algebraically closed field, then let χ(X,F) be the Euler character-
istic
∑
q(−1)
q dimHq(X,F) of a constructible complex F of Λ-modules on X .
Theorem 1.8 (Index formula, [S5, Theorem 7.13]). Let F be a constructible complex of
Λ-modules on X. Assume that X is projective over an algebraically closed field. Then we
have
(1.1) χ(X,F) = (CC(F), T ∗XX)T ∗X ,
where the right hand side denotes the intersection number of CC(F) with T ∗XX.
Definition 1.9 ([S5, Definition 7.1]). Assume that X is purely of dimension d and let C be
a closed conical subset of T ∗X purely of dimension d.
(i) We say that a morphism h : W → X from a smooth scheme W over k purely of
dimension c is properly C-transversal if h is C-transversal and if h∗C is of dimension c.
(ii) Let h : W → X be a properly C-transversal morphism from a smooth scheme W
over k purely of dimension c. For a linear combination A =
∑
ama[Ca] of irreducible
components {Ca}a of C, we define h
!A to be the push forward of the cycle (−1)d−c ·∑
ama[h
∗Ca] on T
∗X×XW by dh : T
∗X×XW → T
∗W in the sense of the intersection
theory.
Theorem 1.10 ([S5, Theorem 7.6]). Assume that X is purely of dimension d and let C ⊂
T ∗X be a closed conical subset purely of dimension d. Let h : W → X be a morphism from
a smooth scheme W over k purely of dimension c. Let F be a constructible complex of
Λ-modules on X micro-supported on C. If h is properly C-transversal, then we have
CC(h∗F) = h!CC(F).
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Let h : W → X be a separated morphism of schemes of finite type over k. Then the functor
Rh! : Dbc(X,Λ) → D
b
c(W,Λ) is defined to be the right adjoint functor of Rh! : D
b
c(W,Λ) →
Dbc(X,Λ).
For constructible complexes F and G of Λ-modules onX andW respectively, let c′h,F ,G : F⊗Λ
Rh!G → Rh!(h
∗F ⊗Λ G) be the isomorphism of projection formula. For constructible com-
plexes F and H of Λ-modules on X , we define a morphism
ch,F ,H : h
∗F ⊗Λ Rh
!H → Rh!(F ⊗Λ H)
to be the adjunction of the composition
Rh!(h
∗F ⊗Λ Rh
!H)
c′−1
h,F,Rh!H
−−−−−→ F ⊗Λ Rh!Rh
!H
id⊗ε
−−→ F ⊗Λ H,
where ε : Rh!Rh
! → id is the adjunction morphism.
Definition 1.11 ([S5, Definition 8.5]). Let h : W → X be a separated morphism of schemes
of finite type over k and F a constructible complex of Λ-modules on X . We say that h is
F -transversal if the morphism ch,F ,Λ : h
∗F ⊗Λ Rh
!Λ→ Rh!F is an isomorphism.
Lemma 1.12. Let U be an open subscheme of X and j : U → X the open immersion. Let
F be a smooth sheaf of Λ-modules on U . Let h : W → X be a separated morphism of smooth
schemes over k. Let j′ : h∗U →W be the base change of j by h. If the canonical morphisms
j!F → Rj∗F and j
′
!h
∗F → Rj′∗h
∗F are isomorphisms, then h is j!F-transversal.
Proof. Since F is a smooth sheaf on U , the projection h∗U → U induced by h is F -transversal
by [S5, Lemma 8.6.2]. Since W and X are smooth over k, the object Rh!Λ is isomorphic
to Λ(c)[2c] for a locally constant function c. Hence the assertion holds by [S5, Proposition
8.8.1].
Proposition 1.13 (cf. [S5, Proposition 8.13]). Let F be a constructible complex of Λ-modules
on X and C a closed conical subset of T ∗X. Then the following are equivalent:
(i) F is micro-supported on C.
(ii) The support of F in X is a subset of the base C ∩ T ∗XX ⊂ X of C and every separated
C-transversal morphism h : W → X of smooth schemes over k is F-transversal.
Especially, if C ⊃ T ∗XX, then F is micro-supported on C if and only if every separated
C-transversal morphism h : W → X of smooth schemes over k is F-transversal.
Proof. Let h : W → X be a morphism of smooth schemes over k and X =
⋃
i′ Xi′ an open
affine covering of X . Let W ×X Xi′ =
⋃
j′Wi′j′ be an open affine covering of W ×X Xi′ for i
′.
Let ji′ : Xi′ → X be the open immersion and let hi′j′ : Wi′j′ → Xi′ be the morphism induced
by h. Then the C-transversality of h is equivalent to the C-transversality of ji′ ◦ hi′j′ for all
i′ and j′. Since ji′ and hi′j′ are separated for every i
′ and j′, the composition ji′ ◦ hi′j′ is
separated for every i′ and j′. Hence the assertion holds by [S5, Proposition 8.13].
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2 Ramification theory
2.1 Refined Swan conductor and characteristic form
In this subsection, we briefly recall Brylinski-Kato’s logarithmic ramification theory and
Matsuda’s non-logarithmic variant of Brylinski-Kato’s theory. We refer to [Br], [K1], [K2],
[M], and [Y] for more detail.
Let K be a complete discrete valuation field of characteristic p > 0. For n ∈ Z>0, we
regard H1(K,Z/nZ) as a subgroup of H1(K,Q/Z) = lim−→mH
1(K,Z/mZ). LetWs(K) be the
Witt ring of length s for an integer s ≥ 0. Let V : Ws(K) → Ws+1(K) be the Verschiebung
and F : Ws(K)→Ws(K) the Frobenius. We define
(2.1) δs : Ws(K)→ H
1(K,Q/Z)
to be the composition
(2.2) δs : Ws(K)→Ws(K)/(F − 1)Ws(K)
≃
−→ H1(K,Z/psZ)→ H1(K,Q/Z),
where the middle arrow is the isomorphism in the Artin-Schreier-Witt theory.
We first recall Brylinski-Kato’s logarithmic ramification theory. Let OK be the valuation
ring of K and mK the maximal ideal of OK . Let ordK : K → Z ∪ {∞} be the normalized
valuation such that ordK(π) = 1 for a uniformizer π of K.
Definition 2.1 ([Br, Proposition 1], [K1, Definition (2.2), Corollary (2.5), Definition (3.1),
Theorem (3.2) (1)]). Let s ≥ 0 be an integer.
(i) Let a = (as−1, . . . , a0) be an element of Ws(K). We define the order ordK(a) of a to be
min0≤i≤s−1{p
i ordK(ai)}.
(ii) We define an increasing filtration {filnWs(K)}n∈Z of Ws(K) by
(2.3) filnWs(K) = {a ∈ Ws(K) | ordK(a) ≥ −n}.
(iii) We define an increasing filtration {filnH
1(K,Q/Z)}n∈Z≥0 of H
1(K,Q/Z) by
filnH
1(K,Q/Z) = H1(K,Q/Z)′ +
⋃
s≥1
δs(filnWs(K)),
where H1(K,Q/Z)′ denotes the prime to p-part of H1(K,Q/Z).
(iv) Let χ be an element of H1(K,Q/Z). We define the Swan conductor sw(χ) of χ to be
the minimal integer n ≥ 0 such that χ ∈ filnH
1(K,Q/Z).
For an integer n ≥ 1 such that s′ = min{ordp(n), s} < s, by (2.3), we have
(2.4) filnWs(K) = filn−1Ws(K) + V
s−s′−1filnWs′+1(K).
We put Ω1K = Ω
1
K/Kp and Ω
1
OK
= Ω1
OK/O
p
K
. We define an increasing filtration {filnΩ
1
K}n∈Z≥0
of Ω1K by
filnΩ
1
K = {(αdπ/π + β)/π
n | α ∈ OK , β ∈ Ω
1
OK
} = m−nK Ω
1
OK
(log),
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where π is a uniformizer of K.
Let n ≥ 1 be an integer and put grn = filn/filn−1. We consider the morphism
− F s−1d : Ws(K)→ Ω
1
K ; (as−1, . . . , a0) 7→ −
s−1∑
i=0
ap
i−1
i dai.
Then −F s−1d induces the morphism ϕ
(n)
s : grnWs(K) → grnΩ
1
K . By [M, Remark 3.2.12] or
[AS4, Proposition 10.7], there exists a unique injection
φ(n) : grnH
1(K,Q/Z)→ grnΩ
1
K
such that the following diagram is commutative for every s ∈ Z≥0:
(2.5) grnWs(K)
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
ϕ
(n)
s // grnΩ
1
K
grnH
1(K,Q/Z),
φ(n)
77♥♥♥♥♥♥♥
♥♥♥♥
where the left slanting arrow is induced by δs.
Definition 2.2 ([K1, (3.4.2)], [M, Remark 3.2.12], see also [AS4, Proposition 10.7]). Let χ be
an element of H1(K,Q/Z). Assume sw(χ) = n ≥ 1. We define the refined Swan conductor
rsw(χ) of χ to be the image of χ by the composition
filnH
1(K,Q/Z)→ grnH
1(K,Q/Z)
φ(n)
−−→ grnΩ
1
K .
We note that rsw(χ) is not 0.
Lemma 2.3. Let χ be an element of H1(K,Q/Z) and a an element of Ws(K) whose image
in H1(K,Q/Z) is the p-part of χ. We put ordK(a) = −n and assume n ≥ 1. Then the
following are equivalent:
(i) sw(χ) = n.
(ii) rsw(χ) = ϕ
(n)
s (a¯).
(iii) ϕ
(n)
s (a¯) 6= 0 in grnΩ
1
K .
Proof. The implication (i)⇒ (ii) is clear. The implication (ii)⇒ (iii) follows from rsw(χ) 6= 0.
We prove (iii) ⇒ (i). Since the p-part of χ is the image of a in H1(K,Q/Z), we have
sw(χ) ≤ n. Suppose sw(χ) < n. Then the image of a in grnH
1(K,Q/Z) is 0. By the
commutativity of (2.5), we have ϕ
(n)
s (a¯) = 0, which contradicts to the condition (iii). Hence
the assertion holds.
Let X be a smooth scheme over a perfect field k of characteristic p > 0. Let D be a
divisor on X with simple normal crossings and {Di}i∈I the irreducible components of D.
Let OKi = OˆX,pi be the completion of the local ring OX,pi at the generic point pi of Di
and Ki = FracOKi the local field at pi for i ∈ I. We put U = X − D. For an element
χ of H1e´t(U,Q/Z), let χ|Ki ∈ H
1(Ki,Q/Z) be the image of χ by the canonical morphism
H1e´t(U,Q/Z)→ H
1(Ki,Q/Z) for i ∈ I.
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Definition 2.4 ([K2, (3.4.1)]). Let χ be an element of H1e´t(U,Q/Z). We define the Swan
conductor divisor Rχ of χ by
Rχ =
∑
i∈I
sw(χ|Ki)Di.
Let Zχ = Supp(Rχ) be the support of Rχ. We write IW,χ for the index set of irreducible
components of Zχ, which is a subset of the index set I, and we put IT,χ = I − IW,χ.
For a point x on D, we define a subset Ix of the index set I by Ix = {i ∈ I | x ∈ Di}. For
an element χ of H1e´t(U,Q/Z) and a point x on D, we define subsets IW,χ,x and IT,χ,x of I by
IW,χ,x = Ix ∩ IW,χ and IT,χ,x = Ix ∩ IT,χ respectively.
For an element χ of H1e´t(U,Q/Z), there exists a unique global section
rsw(χ) ∈ Γ(Zχ,Ω
1
X(logD)(Rχ)|Zχ),
such that the germ rsw(χ)pi of rsw(χ) at pi is rsw(χ|Ki) for every i ∈ IW,χ by [K2, (3.4.2)].
Here we note that if sw(χ|Ki) = ni ≥ 1 then Ω
1
X(logD)(Rχ)pi = grniΩ
1
Ki
. We recall a
construction of rsw(χ) using sheaves of Witt vectors in Subsection 2.2. We call rsw(χ) the
refined Swan conductor of χ.
Definition 2.5 ([K2, (3.4.3), Definition 4.2, Lemma 4.3]). Let χ be an element ofH1e´t(U,Q/Z).
(i) We say that (X,U, χ) is clean at x ∈ X if one of the following conditions is satisfied:
(a) x /∈ Zχ.
(b) x ∈ Zχ and rsw(χ)x is a part of a basis of the freeOZχ,x-module Ω
1
X(logD)(Rχ)|Zχ,x.
We say that (X,U, χ) is clean if (X,U, χ) is clean at every point on X .
(ii) Let x be a closed point of D and i an element of IW,χ,x. We define ord(χ; x,Di) to be
the maximal integer n ≥ 0 such that
rsw(χ)|Di,x ∈ m
n
xΩ
1
X(logD)(Rχ)|Di,x,
where mx is the maximal ideal at x.
Lemma 2.6. Let χ be an element of H1e´t(U,Q/Z).
(i) Let x be a closed point of Zχ. The following are equivalent:
(a) (X,U, χ) is clean at x.
(b) ord(χ; x,Di) = 0 for some i ∈ IW,χ,x.
(c) ord(χ; x,Di) = 0 for every i ∈ IW,χ,x.
(ii) The set of points where (X,U, χ) is not clean is a closed subset of X of codimension
≥ 2.
(iii) (X,U, χ) is clean if and only if (X,U, χ) is clean at every closed point of Zχ.
10
Proof. (i) Let i be an element of IW,χ,x. Then the condition ord(χ; x,Di) = 0 is equivalent to
rsw(χ)x 6= 0 in Ω
1
X(logD)x ⊗OX,x k(x). Hence both the conditions (b) and (c) are equivalent
to the condition (a).
(ii) Let Z ′ be the set of points on X where (X,U, χ) is not clean. Since Z ′ is the set
of points x on Zχ such that rsw(χ)x ∈ mxΩ
1
X(logD)(Rχ)|Zχ,x, the set Z
′ is a closed subset
of Zχ. Since Zχ is a closed subset of X and we have rsw(χ)pi = rsw(χ|Ki) 6= 0 for every
i ∈ IW,χ, the set Z
′ is a closed subset of X of codimension ≥ 2.
(iii) Since every non-empty closed subset of Zχ has a closed point, the assertion holds by
(ii).
Let resi : Ω
1
X(logD)|Di → ODi be the residue morphism for i ∈ I. For an element χ of
H1e´t(U,Q/Z) and i ∈ IW,χ, let ξi(χ) : OX(−Rχ)|Di → ODi be the composition
(2.6) ξi(χ) : OX(−Rχ)|Di
×rsw(χ)|Di−−−−−−→ Ω1X(logD)|Di
resi−−→ ODi .
Definition 2.7 ([K1, Definition (7.4)]). Let χ be an element of H1e´t(U,Q/Z). We say that
(X,U, χ) is strongly clean at x ∈ X if one of the following conditions is satisfied:
(i) x /∈ Zχ.
(ii) x ∈ Zχ and the image by ξi(χ) (2.6) in k(x) is not 0 for every i ∈ IW,χ,x.
We say that (X,U, χ) is strongly clean if (X,U, χ) is strongly clean at every point on X .
We note that if (X,U, χ) is strongly clean at a point x ∈ X then (X,U, χ) is clean at x by
Lemma 2.6 (i), since the condition (ii) in Definition 2.7 deduces ord(χ; x,Di) = 0 for every
i ∈ IW,χ,x if x ∈ Zχ.
We next recall Matsuda’s non-logarithmic ramification theory. Let K be a complete
discrete valuation field of characteristic p > 0. Let OK be the valuation ring of K and mK
the maximal ideal of OK . Let FK = OK/mK be the residue field of K.
Definition 2.8 (cf. [M, 3.1, Definition 3.1.1, Definition 3.2.5]). Let s ≥ 0 be an integer.
(i) We define an increasing filtration {fil′mWs(K)}m∈Z≥1 of Ws(K) by
(2.7) fil′mWs(K) = film−1Ws(K) + V
s−s′filmWs′(K),
where s′ = min{ordp(m), s}.
(ii) We define an increasing filtration {fil′mH
1(K,Q/Z)}m∈Z≥1 of H
1(K,Q/Z) by
(2.8) fil′mH
1(K,Q/Z) = H1(K,Q/Z)′ +
⋃
s≥1
δs(fil
′
mWs(K)),
where H1(K,Q/Z)′ denotes the prime to p-part of H1(K,Q/Z).
(iii) Let χ be an element of H1(K,Q/Z). We define the total dimension dt(χ) of χ to be
the minimal integer m ≥ 1 such that χ ∈ fil′mH
1(K,Q/Z).
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By (2.7), we have
(2.9) film−1Ws(K) ⊂ fil
′
mWs(K) ⊂ filmWs(K).
Further, since ordp(1) = 0, we have
(2.10) fil0Ws(K) = fil
′
1Ws(K).
Hence we have
(2.11) film−1H
1(K,Q/Z) ⊂ fil′mH
1(K,Q/Z) ⊂ filmH
1(K,Q/Z)
and
(2.12) fil0H
1(K,Q/Z) = fil′1H
1(K,Q/Z).
For an element χ of fil′mH
1(K,Q/Z) for an integerm ∈ Z≥1, we have χ ∈ film−1H
1(K,Q/Z)
or χ ∈ filmH
1(K,Q/Z)\film−1H
1(K,Q/Z) by (2.11). Hence, for an element χ ofH1(K,Q/Z),
we have dt(χ) = sw(χ) + 1 or dt(χ) = sw(χ). For an element χ of H1(K,Q/Z) such that
sw(χ) > 0, we say that χ is of type I if dt(χ) = sw(χ) + 1 and that χ is of type II if
dt(χ) = sw(χ).
Lemma 2.9. Let m ≥ 1 and s ≥ 0 be integers. We put s′ = min{ordp(m), s}.
(i) Assume s > s′. For a ∈ K, let (a)s′ = (as−1, . . . , a0) be the element of Ws(K) defined
by ai = a if i = s
′ and ai = 0 if i 6= s
′. Then the injection K → Ws(K) defined by
a 7→ (a)s′ induces an isomorphism
grm/ps′K → filmWs(K)/fil
′
mWs(K).
(ii) The morphism V s−s
′
: Ws′(K)→Ws(K) induces an isomorphism
grmWs′(K)→ fil
′
mWs(K)/film−1Ws(K).
Proof. The assertion (i) holds by (2.4) and (2.7), and the assertion (ii) holds by (2.7).
We define an increasing filtration {fil′mΩ
1
K}m∈Z≥1 of Ω
1
K by
fil′mΩ
1
K = (1/π
m) · Ω1OK = m
−m
K Ω
1
OK
,
where π is a uniformizer of K. We put gr′m = fil
′
m/fil
′
m−1 for m ∈ Z≥2. By [M, 3.2] and [Y,
Proposition 1.17 (i)], there exists a unique morphism
ϕ′(m)s : gr
′
mWs(K)→ gr
′
mΩ
1
K ⊗FK F
1/p
K
for m ≥ 2 such that
(2.13) ϕ′(m)s ((as−1, . . . , a0)) =
{
−da0 +
√
π2a0dπ/π
2 ((p,m) = (2, 2)),
−
∑s−1
i=0 a
pi−1
i dai ((p,m) 6= (2, 2))
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if π is a uniformizer of K. By [M, Proposition 3.2.1, Proposition 3.2.3] and [Y, Proposition
1.17 (ii)], for m ≥ 2, there exists a unique injection
(2.14) φ′(m) : gr′mH
1(K,Q/Z)→ gr′mΩ
1
K ⊗FK F
1/p
K
such that the following diagram is commutative for every s ∈ Z≥0:
(2.15) gr′mWs(K)
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
ϕ
′(m)
s // gr′mΩ
1
K ⊗FK F
1/p
K
gr′mH
1(K,Q/Z),
φ′(m)
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
where the left slanting arrow is induced by δs.
If (p,m) 6= (2, 2), then we may replace gr′mΩ
1
K ⊗FK F
1/p
K by gr
′
mΩ
1
K in (2.14) by (2.13) and
the commutativity of (2.15). Further, even in the case where (p,m) = (2, 2), if we restrict
gr′2H
1(K,Q/Z) to gr1H
1(K,Q/Z) ⊂ gr′2H
1(K,Q/Z), then we may replace gr′mΩ
1
K ⊗FK F
1/p
K
by gr′mΩ
1
K in (2.14) by (2.13) and the commutativity of (2.15), since we may replace gr
′
mWs(K)
by gr1Ws(K) in (2.15) if (p,m) = (2, 2) and if we restrict gr
′
2H
1(K,Q/Z) to gr1H
1(K,Q/Z).
Definition 2.10 ([M, Definition 3.2.5], [Y, Definition 1.19]). Let χ be an element ofH1(K,Q/Z).
Assume dt(χ) = m ≥ 2. We define the characteristic form char(χ) of χ to be the image of
χ by the composition
fil′mH
1(K,Q/Z)→ gr′mH
1(K,Q/Z)
φ′(m)
−−−→ gr′mΩ
1
K ⊗FK F
1/p
K .
We note that char(χ) is not 0. If (p, sw(χ), dt(χ)) 6= (2, 2, 2), then we may regard char(χ)
as an element of gr′mΩ
1
K . For an element χ of H
1(K,Q/Z) such that sw(χ) ≥ 1, we say
that χ is of usual type if (p, sw(χ), dt(χ)) 6= (2, 2, 2) and that χ is of exceptional type if
(p, sw(χ), dt(χ)) = (2, 2, 2).
Lemma 2.11. Let χ be an element of H1(K,Q/Z) and a an element of Ws(K) whose image
in H1(K,Q/Z) is the p-part of χ. Let m ≥ 2 be an integer and assume a ∈ fil′mWs(K). Then
the following are equivalent:
(i) dt(χ) = m.
(ii) char(χ) = ϕ
′(m)
s (a¯).
(iii) ϕ
′(m)
s (a¯) 6= 0 in gr′mΩ
1
K ⊗FK F
1/p
K .
Proof. The assertion holds similarly as the proof of Lemma 2.3 by char(χ) 6= 0 and the
commutativity of (2.15).
Lemma 2.12. Let χ be an element of H1(K,Q/Z) such that sw(χ) = n ≥ 1. We put
s′ = ordp(n). Let a = (as−1, . . . , a0) be an element of filnWs(K) whose image by δs is the
p-part of χ. If χ is of type I, then s > s′ and char(χ) depends only on as′.
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Proof. Since dt(χ) = n + 1, we have a /∈ fil′nWs(K). Since fil
′
nWs(K) = filnWs(K) if
ordp(n) ≥ s by (2.7), we have s
′ = ordp(n) < s. By Lemma 2.9 (i), the image a¯ of a
in filnWs(K)/fil
′
nWs(K) ⊂ gr
′
n+1Ws(K) depends only on as′ . Since char(χ) is the image of
a¯ ∈ gr′n+1Ws(K) in gr
′
n+1Ω
1
K ⊗FK F
1/p
K by ϕ
′(n+1)
s by Lemma 2.11, the assertion holds.
Lemma 2.13. Let n > 0 be an integer and put s′ = ordp(n). For an integer s > s
′, the
morphism
(2.16) filnWs(K)/fil
′
nWs(K)→ filnH
1(K,Q/Z)/fil′nH
1(K,Q/Z)
induced by δs is injective.
Proof. By (2.2) and (2.8), the kernel of (2.16) is the image of fil′nWs(K) + (F − 1)(Ws(K))∩
filnWs(K) in filnWs(K)/fil
′
nWs(K). Since (F−1)(Ws(K))∩filnWs(K) = (F−1)(fil[n/p]Ws(K))
by [Y, Lemma 1.7 (iii)] and [n/p] < n, we have fil′nWs(K) + (F − 1)(Ws(K)) ∩ filnWs(K) =
fil′nWs(K) + F (fil[n/p]Ws(K)). Let a = (as−1, . . . , a0) be an element of fil[n/p]Ws(K). Then
we have ps
′
ordK(as′) ≥ −n/p. Since ordp(n) = s
′ and ordK(as′) is an integer, we have
ordK(as′) > −n/p
s′+1 and hence ordK(a
p
s′) > −n/p
s′ . Since F (a) = (aps−1, . . . , a
p
0), the image
of fil′nWs(K) + F (fil[n/p]Ws(K)) in filnWs(K)/fil
′
nWs(K) is 0 by Lemma 2.9 (i). Hence the
assertion holds.
Corollary 2.14. Let χ be an element of H1(K,Q/Z). We put sw(χ) = n and dt(χ) = m. Let
a be an element of Ws(K) whose image in H
1(K,Q/Z) is the p-part of χ. If a ∈ filnWs(K),
then we have a ∈ fil′mWs(K).
Proof. Suppose n = 0. Then m = 1 by (2.12) and hence the assertion holds by (2.10).
Suppose n > 0 and that χ is of type I. Then m = n+ 1 and hence the assertion holds by
(2.9).
Suppose n > 0 and that χ is of type II. Then m = n > 0. If s = s′ = min{ordp(m), s},
then we have fil′nWs(K) = filnWs(K) by (2.7). Hence the assertion holds if s = s
′. If s > s′,
then the assertion holds by Lemma 2.13.
Corollary 2.15. Let n ≥ 1 be an integer and put s′ = ordp(n) and n
′ = p−s
′
n. Let s > s′
be an integer and a = (as−1, . . . , a0) an element of filnWs(K). Let χ be an element of
H1(K,Q/Z) whose p-part is the image of a by δs. Then the following are equivalent:
(i) (sw(χ), dt(χ)) = (n, n+ 1).
(ii) ordK(as′) = n
′.
Proof. We note that a /∈ fil′nWs(K) if and only if ordK(as′) = −n
′ by (2.4) and (2.7).
Hence it is sufficient to prove the equivalence of the condition (i) and a /∈ fil′nWs(K). We
consider the morphism (2.16). Since the morphism (2.16) is injective by Lemma 2.13, we
have a /∈ fil′nWs(K) if and only if (sw(χ), dt(χ)) = (n, n + 1) by (2.11). Hence the assertion
holds.
Let X be a smooth scheme over a perfect field k of characteristic p > 0. Let D be a
divisor on X with simple normal crossings and {Di}i∈I the irreducible components of D.
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We put U = X − D. Let OKi = OˆX,pi be the completion of the local ring OX,pi at the
generic point pi of Di and Ki = FracOKi the local field at pi for i ∈ I. For an element
χ of H1e´t(U,Q/Z), let χ|Ki ∈ H
1(Ki,Q/Z) be the image of χ by the canonical morphism
H1e´t(U,Q/Z)→ H
1(Ki,Q/Z) for i ∈ I.
Definition 2.16. Let χ be an element of H1e´t(U,Q/Z). We define the total dimension divisor
R′χ of χ by
R′χ =
∑
i∈I
dt(χ|Ki)Di.
For a scheme S over k, we consider the commutative diagram
S1/p

// S
FS //

S

Spec k
F−1k
// Spec k
Fk
// Spec k
where the left square is the base change of S → Spec k by the inverse F−1k of Fk. Here the
symbols FS and Fk denote the absolute Frobenius morphisms of S and Spec k respectively.
We define the radicial covering S1/p → S to be the composition of morphisms in the upper
line.
By [M, 5.2] and [Y, Definition 1.42], there exists a unique global section
char(χ) ∈ Γ(Z1/pχ ,Ω
1
X(R
′
χ)⊗OX OZ1/pχ )
such that the germ char(χ)p′i of char(χ) at the generic point p
′
i of D
1/p
i is char(χ|Ki) for
every i ∈ IW,χ. Here we note that if dt(χ|Ki) = mi ≥ 2 then Ω
1
X(R
′
χ)|Zχ,pi = gr
′
mi
Ω1Ki and
Ω1X(R
′
χ)pi ⊗OX,pi OZ1/pχ ,p′i
= gr′miΩ
1
Ki
⊗FKi F
1/p
Ki
. We recall a construction of char(χ) using
sheaves of Witt vectors in Subsection 2.2. We call char(χ) the characteristic form of χ.
We note that if χ|Ki is of usual type (e.g. p 6= 2 or χ|Ki is of type I) for every i ∈ IW,χ
then we may regard char(χ) as a global section of Ω1X(R
′
χ)|Zχ.
Definition 2.17 (cf. [S3, Definition 2.17, Subsection 4.2]). Let χ be an element ofH1e´t(U,Q/Z).
(i) We say that (X,U, χ) is non-degenerate at x ∈ X if one of the following conditions is
satisfied:
(a) x /∈ Zχ.
(b) x ∈ Zχ and char(χ)x′ is a part of a basis of the free OZ1/pχ ,x′-module Ω
1
X(R
′
χ)⊗OX
O
Z
1/p
χ ,x′
, where x′ is the unique point on Z1/p lying above x.
We say that (X,U, χ) is non-degenerate if (X,U, χ) is non-degenerate at every point on
X .
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(ii) Let x be a closed point of D and i an element of IW,χ,x. Let x
′ be the unique closed
point of D
1/p
i lying above x. Let n
′ be the maximal integer such that
char(χ)|
D
1/p
i ,x
′ ∈ m
n′
x′Ω
1
X(R
′
χ)x ⊗OX,x OD1/pi ,x′
,
where mx′ is the maximal ideal at x
′. We define ord′(χ; x,Di) by ord
′(χ; x,Di) = n
′/2.
(iii) We say that (X,U, χ) is strongly non-degenerate at x ∈ X if the following conditions
are satisfied:
(a) (X,U, χ) is non-degenerate at x.
(b) Ix = IW,χ,x or Ix = IT,χ,x.
We say that (X,U, χ) is strongly non-degenerate if (X,U, χ) is strongly non-degenerate
at every point on X .
We note that if χ|Ki is of usual type for every i ∈ IW,χ,x then (X,U, χ) is non-degenerate
at x ∈ X if and only if one of the following conditions holds:
(i) x /∈ Zχ.
(ii) x ∈ Zχ and char(χ)x is a part of a basis of the free OZχ,x-module Ω
1
X(R
′
χ)|Zχ,x.
If χ|Ki is of usual type for i ∈ IW,χ,x, then we may regard char(χ)|D1/pi
as a global section of
Ω1X(R
′
χ)|Di. In this case, the order ord
′(χ; x,Di) for a closed point x of Di is none other than
the maximal integer n such that
char(χ)|
D
1/p
i ,x
′ ∈ m
n
xΩ
1
X(R
′
χ)|Di,x,
where x′ is the unique closed point of D
1/p
i lying above x and mx is the maximal ideal at x.
Let Λ be a finite field of characteristic 6= p. If χ ∈ H1e´t(U,Q/Z) is the character π
ab
1 (U)→
Λ× associated to a smooth sheaf F of Λ-modules of rank 1 on U and regarded as an element of
H1e´t(U,Q/Z) by an inclusion Λ
× → Q/Z, then the definition of non-degeneration is the same
as [S3, Definition 4.2] by [Y, Proposition 2.12 (ii)]. The definition of strong non-degeneration
is the same as that in [S5, Subsection 4.2] by [Y, Theorem 3.1].
For χ ∈ H1e´t(U,Q/Z) and x ∈ X , we prove that (X,U, χ) is non-degenerate at x if and
only if (X,U, χ) is strongly non-degenerate at x in Lamma 2.22 (i) later.
Lemma 2.18. Let χ be an element of H1e´t(U,Q/Z).
(i) Let x be a closed point of Zχ. The following are equivalent:
(a) (X,U, χ) is non-degenerate at x.
(b) ord′(χ; x,Di) = 0 for some i ∈ IW,χ,x.
(c) ord′(χ; x,Di) = 0 for every i ∈ IW,χ,x.
(ii) The set of points where (X,U, χ) is not non-degenerate is a closed subset of X of
codimension ≥ 2.
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(iii) (X,U, χ) is non-degenerate if and only if (X,U, χ) is non-degenerate at every closed
point x of Zχ.
Proof. The assertions hold similarly as the proof of Lemma 2.6.
We give a form and a partial description of the characteristic cycle of a rank 1 sheaf on
a smooth surface using ramification theory.
Let F be a smooth sheaf of Λ-modules of rank 1 on U , where Λ is a finite field of
characteristic 6= p. Let χ : πab1 (U) → Λ
× be the character corresponding to F . We fix an
inclusion ψ : Λ× → Q/Z and regard χ as an element of H1e´t(U,Q/Z) by ψ. Then the total
dimension divisor R′χ is equal to the total dimension divisor DT (F) defined in [S3, Definition
3.5.2] by [Y, Theorem 3.1].
For an element i of IW,χ such that χ|Ki is of usual type, let L
′
i,χ be the sub line bundle of
T ∗X×XDi defined by the unique ODi-submodule of Ω
1
X |Di which is locally a direct summand
of Ω1X |Di of rank 1 containing OX(−R
′
χ)|Di · char(χ)|D1/pi
, where we regard char(χ)|
D
1/p
i
as
a global section of Ω1X(R
′
χ)|Di. For an element i of IW,χ such that χ|Ki is of exceptional
type, let L′′i,χ be the sub line bundle of T
∗X ×X D
1/p
i defined by the unique OD1/pi
-submodule
of Ω1X ⊗OX OD1/pi
which is locally a direct summand of Ω1X ⊗OX OD1/pi
of rank 1 containing
(OX(−R
′
χ)⊗OXOD1/pi
)·char(χ)|
D
1/p
i
and let [L′i,χ] be the push-forward of [L
′′
i,χ] by the canonical
morphism T ∗X ×X D
1/p → T ∗X ×X D → T
∗X in the sense of intersection theory. For an
element i of IT,χ, let L
′
i,χ ⊂ T
∗X ×X Di be the conormal bundle T
∗
Di
X of Di over X .
Let j : U → X be the open immersion and |D| the set of closed points of D. We note that
j is affine. We put r′i = dt(χ|Ki) if χ|Ki is of usual type or i ∈ IT,χ and r
′
i = dt(χ|Ki)/2 = 1
if χ|Ki is of exceptional type for i ∈ I. If X is purely of dimension 2, then the characteristic
cycle CC(j!F) is of the form
(2.17) CC(j!F) = [T
∗
XX ] +
∑
i∈I
r′i[L
′
i,χ] +
∑
x∈|D|
ux[T
∗
xX ]
by [S5, Theorem 7.14], [Y, Corollary 2.13 (i), Theorem 3.1], and Lemma 2.18 (ii). Here,
since j is an affine open immersion and SS(j!F) has finitely many irreducible components,
the coefficient ux is a non-negative integer for every x ∈ |D| by Lemma 1.7 and is equal to
0 except for finitely many x ∈ |D|. If x is a closed point of Zχ and if (X,U, χ) is strongly
non-degenerate at x, then ux = 0 by [S5, Theorem 7.14]. If x ∈ |D| and if x /∈ Zχ, then
ux = ♯(Ix)− 1 by [S5, Theorem 7.14].
2.2 Cleanliness and non-degeneration
In this subsection, we study more about the clean and non-degenerate conditions. We briefly
recall the construction of the refined Swan conductor and the characteristic form using sheaves
of Witt vectors in [Y, Subsection 1.3–1.4].
Let X be a smooth scheme over a perfect field k of characteristic p > 0. Let D be a
divisor on X with simple normal crossings and {Di}i∈I the irreducible components of D.
We put U = X − D and let j : U → X be the open immersion. Let OKi = OˆX,pi be the
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completion of the local ring OX,pi at the generic point pi of Di and Ki = FracOKi the local
field at pi for i ∈ I.
Let Ws(OUe´t) be the e´tale sheaf of Witt vectors of length s ∈ Z≥0 on U and Ws(OU ) the
Zariski sheaf of Witt vectors of length s on U . Let ǫ : Xe´t → XZar be the canonical mapping
from the e´tale site of X to the Zariski site of X . By the exact sequence
0→Ws(Fp)→Ws(OUe´t)
F−1
−−→Ws(OUe´t)→ 0
of e´tale sheaves on U and R1(ǫ ◦ j)∗Ws(OUe´t) = 0, we have an exact sequence
0→ j∗Ws(Fp)→ j∗Ws(OU )
F−1
−−→ j∗Ws(OU)
δs−→ R1(ǫ ◦ j)∗Z/p
sZ→ 0
of Zariski sheaves on X . We note that the canonical morphism
(2.18) H1e´t(V ∩ U,Z/p
sZ)→ Γ(V,R1(ǫ ◦ j)∗Z/p
sZ)
is an isomorphism for every open subset V ofX by the spectral sequence Eq1,q22 = H
q1
Zar(V,R
q2(ǫ◦
j)∗Z/p
sZ)⇒ Hq1+q2e´t (V ∩ U,Z/p
sZ) and the equalities E1,02 = E
2,0
2 = 0.
For a section a ∈ Γ(U,Ws(OU)), let a|Ki be the image of a in Ws(Ki). For an element
χ ∈ H1e´t(U,Z/p
sZ), let χ|Ki be the image of χ in H
1(Ki,Z/p
sZ).
Definition 2.19 ([Y, Definition 1.25]). Let R =
∑
i∈I niDi be a linear combination with
integral coefficients ni ∈ Z≥0 for i ∈ I. Let ji : SpecKi → X be the canonical morphism for
i ∈ I.
(i) We define a subsheaf filRj∗Ws(OU) of the sheaf j∗Ws(OU) to be the pull-back of the sub-
sheaf
⊕
i∈I ji∗filniWs(Ki) of
⊕
i∈I ji∗Ws(Ki) by the canonical morphism j∗Ws(OU ) →⊕
i∈I ji∗Ws(Ki).
(ii) We define a subsheaf filRR
1(ǫ ◦ j)∗Z/p
sZ of the sheaf R1(ǫ ◦ j)∗Z/p
sZ to be the image
of the subsheaf filRj∗Ws(OU) of j∗Ws(OU) by δs : j∗Ws(OU)→ R
1(ǫ ◦ j)∗Z/p
sZ.
(iii) We define a subsheaf filRj∗Ω
1
U of the sheaf j∗Ω
1
U to be Ω
1
X(logD)(R).
We note that the subsheaf filRR
1(ǫ ◦ j)∗Z/p
sZ is equal to the pull-back of the sub-
sheaf
⊕
i∈I ji∗filniH
1(Ki,Q/Z) of
⊕
i∈I ji∗H
1(Ki,Q/Z) by the canonical morphism R
1(ǫ ◦
j)∗Z/p
sZ →
⊕
i∈I ji∗H
1(Ki,Q/Z) by [Y, Proposition 1.31 (i)]. For a linear combination
R =
∑
i∈I niDi with integral coefficients ni ∈ Z≥0 for i ∈ I, we write filRH
1
e´t(U,Z/p
sZ) ⊂
H1e´t(U,Z/p
sZ) for Γ(X, filRR
1(ǫ ◦ j)∗Z/p
sZ) identified with a submodule of H1e´t(U,Z/p
sZ)
by (2.18). Then filRH
1
e´t(U,Z/p
sZ) consists of χ ∈ H1e´t(U,Z/p
sZ) ⊂ H1e´t(U,Q/Z) such
that χ|Ki ∈ filniH
1(Ki,Q/Z) for every i ∈ I. Since filRR
1(ǫ ◦ j)∗Z/p
sZ is the image of
filRj∗Ws(OU), there is a global section of filRj∗Ws(OU) whose image in Γ(X,R
1(ǫ◦j)∗Z/p
sZ) ≃
H1e´t(U,Z/p
sZ) is χ for χ ∈ filRH
1
e´t(U,Z/p
sZ) if we shrink X if necessary.
We consider the morphism
(2.19) − F s−1d : j∗Ws(OU)→ j∗Ω
1
U ; (as−1, . . . , a0) 7→ −
s−1∑
i=0
ap
i−1
i dai.
18
For a linear combination R =
∑
i∈I niDi with integral coefficients ni ∈ Z≥0 for i ∈ I, the
morphism −F s−1d induces the morphism filRj∗Ws(OU)→ filRj∗Ω
1
U . For linear combinations
R =
∑
i∈I niDi and R
′ =
∑
i∈I n
′
iDi with integral coefficients ni, n
′
i ∈ Z≥0 such that ni ≥ n
′
i
for i ∈ I, we put grR/R′ = filR/filR′ and the morphism −F
s−1d induces the morphism
ϕ(R/R
′) : grR/R′j∗Ws(OU)→ grR/R′j∗Ω
1
U .
By [Y, Proposition 1.31 (ii)], if ni − 1 ≤ n
′
i ≤ ni for every i ∈ I, then there exists a unique
injection φ
(R/R′)
s : grR/R′R
1(ǫ ◦ j)∗Z/p
sZ → grR/R′j∗Ω
1
U such that the following diagram is
commutative:
grR/R′j∗Ws(OU)
ϕ
(R/R′)
s //
**❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
grR/R′j∗Ω
1
U
grR/R′R
1(ǫ ◦ j)∗Z/p
sZ.
φ
(R/R′)
s
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦
For an element χ ∈ H1e´t(U,Q/Z), take s ∈ Z≥0 such that the p-part of χ is of order p
s. Then
the refined Swan conductor rsw(χ) ∈ Γ(Zχ,Ω
1
X(logD)(Rχ)|Zχ) is the image of the p-part of
χ by the composition
filRχH
1
e´t(U,Z/p
sZ) = Γ(X, filRχR
1(ǫ ◦ j)∗Z/p
sZ)→ Γ(X, grRχ/(Rχ−Zχ)R
1(ǫ ◦ j)∗Z/p
sZ)
φ
(Rχ/(Rχ−Zχ))
s (X)
−−−−−−−−−−−→ Γ(X, grRχ/(Rχ−Zχ)j∗Ω
1
U ) = Γ(Zχ,Ω
1
X(logD)(Rχ)|Zχ).
Definition 2.20 ([Y, Definition 1.34]). Let R =
∑
i∈I miDi be a linear combination with
integral coefficients mi ∈ Z≥1 for i ∈ I. Let ji : SpecKi → X be the canonical morphism for
i ∈ I.
(i) We define a subsheaf fil′Rj∗Ws(OU) of the sheaf j∗Ws(OU) to be the pull-back of the sub-
sheaf
⊕
i∈I ji∗fil
′
mi
Ws(Ki) of
⊕
i∈I ji∗Ws(Ki) by the canonical morphism j∗Ws(OU) →⊕
i∈I ji∗Ws(Ki).
(ii) We define a subsheaf fil′RR
1(ǫ ◦ j)∗Z/p
sZ of the sheaf R1(ǫ ◦ j)∗Z/p
sZ to be the image
of the subsheaf fil′Rj∗Ws(OU) of j∗Ws(OU) by δs : j∗Ws(OU)→ R
1(ǫ ◦ j)∗Z/p
sZ.
(iii) We define a subsheaf fil′Rj∗Ω
1
U of the sheaf j∗Ω
1
U to be Ω
1
X(R).
We note that the subsheaf fil′RR
1(ǫ ◦ j)∗Z/p
sZ is equal to the pull-back of the sub-
sheaf
⊕
i∈I ji∗fil
′
mi
H1(Ki,Q/Z) of
⊕
i∈I ji∗H
1(Ki,Q/Z) by the canonical morphism R
1(ǫ ◦
j)∗Z/p
sZ →
⊕
i∈I ji∗H
1(Ki,Q/Z) by [Y, Proposition 1.40 (i)]. For a linear combination
R =
∑
i∈I miDi with integral coefficients mi ∈ Z≥1 for i ∈ I, we write fil
′
RH
1
e´t(U,Z/p
sZ) ⊂
H1e´t(U,Z/p
sZ) for Γ(X, fil′RR
1(ǫ ◦ j)∗Z/p
sZ) identified with a submodule of H1e´t(U,Z/p
sZ)
by (2.18). Then fil′RH
1
e´t(U,Z/p
sZ) consists of χ ∈ H1e´t(U,Z/p
sZ) ⊂ H1e´t(U,Q/Z) such that
χ|Ki ∈ fil
′
mi
H1(Ki,Q/Z) for every i ∈ I.
For linear combinations R =
∑
i∈I miDi and R
′ =
∑
i∈I m
′
iDi with integral coefficients
mi, m
′
i ∈ Z≥1 such that mi ≥ m
′
i for i ∈ I, we put gr
′
R/R′ = fil
′
R/fil
′
R′ . If mi − 1 ≤ m
′
i ≤ mi
for every i ∈ I, then we put D(R/R
′) = R− R′ and there exists a unique morphism
ϕ′(R/R
′) : gr′R/R′j∗Ws(OU)→ gr
′
R/R′j∗Ω
1
U ⊗O
D(R/R
′)
O
D(R/R
′)1/p
,
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such that if ti is a local equation of Di for i ∈ I then locally
(2.20) ϕ′(R/R
′)
s ((as−1, . . . , a0)) =

−
∑s−1
i=0 a
pi−1
i dai +
∑
i : (mi,m′i)=(2,1)
√
t2ia0dti/t
2
i (p = 2),
−
∑s−1
i=0 a
pi−1
i dai (p 6= 2)
by [Y, Subsection 1.4]. Further, by [Y, Proposition 1.40 (ii)], there exists a unique injection
φ
′(R/R′)
s : gr′R/R′R
1(ǫ ◦ j)∗Z/p
sZ → gr′R/R′j∗Ω
1
U ⊗O
D(R/R
′)
O
D(R/R′)
1/p such that the following
diagram is commutative:
gr′R/R′j∗Ws(OU)
ϕ
′(R/R′)
s //
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
gr′R/R′j∗Ω
1
U ⊗O
D(R/R
′)
O
D(R/R
′)1/p
gr′R/R′R
1(ǫ ◦ j)∗Z/p
sZ.
φ
′(R/R′)
s
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
For an element χ ∈ H1e´t(U,Q/Z), take s ∈ Z≥0 such that the p-part of χ is of order p
s. Then
the characteristic form char(χ) ∈ Γ(Z
1/p
χ ,Ω1X(R
′
χ)⊗OX OZ1/pχ ) is the image of the p-part of χ
by the composition
fil′R′χH
1
e´t(U,Z/p
sZ) = Γ(X, fil′R′χR
1(ǫ ◦ j)∗Z/p
sZ)→ Γ(X, gr′R′χ/(R′χ−Zχ)R
1(ǫ ◦ j)∗Z/p
sZ)
φ
(R′χ/(R
′
χ−Zχ))
s (X)
−−−−−−−−−−−→ Γ(X, gr′R′χ/(R′χ−Zχ)j∗Ω
1
U ⊗OZχ Z
1/p
χ ) = Γ(Z
1/p
χ ,Ω
1
X(R
′
χ)⊗OX OZ1/pχ ).
Lemma 2.21. Let a ∈ Γ(X, j∗Ws(OU)) be a global section and let χ be an element of
H1e´t(U,Q/Z) whose p-part is the image of a by δs. If a ∈ Γ(X, filRχj∗Ws(OU)), then we
have a ∈ Γ(X, fil′R′χj∗Ws(OU )).
Proof. We put Rχ =
∑
i∈I niDi and R
′
χ =
∑
i∈I miDi. Then we have a|Ki ∈ filniWs(Ki)
for every i ∈ I. By Corollary 2.14, we have a|Ki ∈ fil
′
mi
Ws(Ki) for every i ∈ I. Hence the
assertion holds.
We study a relation between the refined Swan conductor rsw(χ) and the characteristic
form char(χ) for χ ∈ H1e´t(U,Q/Z). For an element χ of H
1
e´t(U,Q/Z), let II,χ and III,χ be
the subsets of I consisting of i ∈ I such that χ|Ki is of type I and of type II respectively.
We note IW,χ = II,χ ⊔ III,χ (Definition 2.4). We put DT,χ =
⋃
i∈IT,χ
Di (loc. cit.). Then we
have D = Zχ ∪ DT,χ. By Lemma 2.21, both the refined Swan conductor rsw(χ) and the
characteristic form char(χ) are locally defined by the same section of filRχj∗Ws(OU).
Suppose D = Zχ. If II,χ = ∅, then we have R
′
χ = Rχ. In this case, the image of
char(χ) by the canonical morphism Ω1X(R
′
χ) ⊗OX OZ1/pχ → Ω
1
X(logD)(Rχ) ⊗OX OZ1/pχ is in
Ω1X(logD)(Rχ)|Zχ and is the refined Swan conductor rsw(χ). If II,χ 6= ∅, then we have the
canonical morphism OZχ · rsw(χ) → Ω
1
X(R
′
χ)|Zχ and the image −F
s−1da in Ω1X(R
′
χ)|Zχ of a
section a of filRχj∗Ws(OU ) whose image in H
1
e´t(U,Q/Z) is locally the p-part of χ is locally
the image of rsw(χ) by this morphism.
If D 6= Zχ, then the p-part of χ is the image in H
1
e´t(U,Q/Z) of an element χ
′ ∈
H1e´t(V,Q/Z) where V = X − Zχ, and we have Zχ′ = Zχ and R
′
χ = R
′
χ′ +DT,χ. The refined
Swan conductor rsw(χ) is the image of rsw(χ′) by Ω1X(logZχ)(Rχ)|Zχ → Ω
1
X(logD)(Rχ)|Zχ
and the characteristic form char(χ) is the image of char(χ′) by Ω1X(R
′
χ′)|Z1/p
χ′
→ Ω1X(R
′
χ)|Z1/pχ .
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Lemma 2.22. Let χ be an element of H1e´t(U,Q/Z).
(i) Let i be an element of IT,χ. Then the restriction char(χ)|D1/pi ∩Z
1/p
χ
is 0. Consequently
(X,U, χ) is not non-degenerate at any point on DT,χ ∩ Zχ.
(ii) Let i be an element of IW,χ. Then the following are equivalent:
(a) i ∈ III,χ.
(b) The morphism ξi(χ) : OX(−Rχ)|Di → ODi (2.6) is 0.
(c) [L′i,χ] 6= [T
∗
Di
X ].
(iii) Let i and i′ be two different elements of II,χ. Then the restriction char(χ)|D1/pi ∩D
1/p
i′
is
0.
Proof. We may assume that χ is of order ps for some integer s ≥ 0.
(i) Since D 6= Zχ, the characteristic form char(χ) is the image of a global section by
Ω1X(R
′
χ −DT,χ)|Z1/pχ → Ω
1
X(R
′
χ)|Z1/pχ . Hence the assertion holds.
(ii) We may assume D = Di. Then the condition (b) is equivalent to that the im-
age of OX(−Rχ)|D by the multiplication by rsw(χ)|D is contained in the image of Ω
1
X |D in
Ω1X(logD)|D. Namely the condition (b) is equivalent to that (−F
s−1da)|D is locally contained
in Ω1X(Rχ)|D for a section a of filRχj∗Ws(OU) whose image in H
1
e´t(U,Q/Z) is locally χ.
Suppose that χ|Ki is of exceptional type. Then we have i ∈ III,χ and we note R
′
χ = Rχ.
Since rsw(χ) is the image of char(χ) by the canonical morphism Ω1X(R
′
χ) ⊗OX OD1/p →
Ω1X(logD)(Rχ)⊗OX OD1/p , the image of ξi(χ) is 0.
Suppose that χ|Ki is of usual type. Then (−F
s−1da)|D is a section of Ω
1
X(R
′
χ)|D by Lemma
2.21 and is locally the characteristic form char(χ)|D for a section a of filRχj∗Ws(OU) whose
image in H1e´t(U,Q/Z) is locally χ. Since Rχ = R
′
χ is equivalent to the condition (a), the
equivalence of (a) and (b) holds by char(χ)|D 6= 0.
We prove the equivalence of (a) and (c). If i ∈ II,χ, then χ|Ki is of usual type and
char(χ) is the image of rsw(χ) by Ω1X(logD)(Rχ)|D → Ω
1
X(Rχ + D)|D. Since the image of
the morphism Ω1X(logD)|D → Ω
1
X(D)|D is CD/X(D), where CD/X denotes the conormal sheaf
of D over X , we have [L′i,χ] = [T
∗
Di
X ] if i ∈ II,χ. Hence the implication (c) ⇒ (a) holds. If
i ∈ III,χ, then R
′
χ = Rχ and the image of char(χ) by the morphism Ω
1
X(R
′
χ) ⊗OX OD1/p →
Ω1X(logD)(Rχ)⊗OX OD1/p is rsw(χ) 6= 0. Since the kernel of the morphism Ω
1
X ⊗OX OD1/p →
Ω1X(logD)⊗OX OD1/p is CD/X ⊗OX OD1/p , the implication (a) ⇒ (c) holds.
(iii) We may assume D = Di∪Di′ and we put DI = Di∩Di′ . Since char(χ)|DI is the image
of rsw(χ)|DI by the morphism Ω
1
X(logD)(Rχ)|DI → Ω
1
X(Rχ+D)|DI which is the 0-mapping,
the assertion holds.
We note that (X,U, χ) is non-degenerate if and only if (X,U, χ) is strongly non-degenerate
for χ ∈ H1e´t(U,Q/Z) by Lemma 2.22 (i).
We study the relation between rsw(χ) and char(χ) at a closed point of Zχ. For an element
χ of H1e´t(U,Q/Z) and a point x of D, we put II,χ,x = Ix ∩ II,χ and III,χ,x = Ix ∩ III,χ. If x is
a closed point of Zχ with a local coordinate system (t1, . . . , td) in X such that ti is a local
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equation of Di for i ∈ Ix = {1, . . . , r} and if we put
rsw(χ)x = (
r∑
i=1
αid log ti +
d∑
i=r+1
βidti)/
r∏
i=1
tnii ,(2.21)
char(χ)x′ = (
r∑
i=1
α′idti +
d∑
i=r+1
β ′idti)/
r∏
i=1
tmii ,
where Rχ =
∑r
i=1 niDi, R
′
χ =
∑r
i=1miDi, and x
′ is the unique closed point of Z
1/p
χ lying
above x, then we have
(2.22)


α′i = αi
∏
i′∈Ix−({i}∪III,χ,x)
ti′ (i ∈ II,χ,x),
αi ∈ ti · OZχ,x, α
′
i ∈
∏
i′∈Ix−III,χ,x
ti′ · OZ1/pχ ,x′ (i ∈ III,χ,x ∪ IT,χ,x),
β ′i = βi
∏
i′∈Ix−III,χ,x
ti′ (i = r + 1, . . . , d).
Lemma 2.23. Let χ be an element of H1e´t(U,Q/Z) and x a closed point of Zχ. Let i be an ele-
ment of II,χ,x. Let n be the maximal integer m such that the image of ξi(χ)x : OX(Rχ)|Di,x →
ODi,x (2.6) is contained in m
m
x ODi,x, where mx is the maximal ideal at x. Then we have
ord′(χ; x,Di) = n+ ♯(II,χ,x ∪ IT,χ,x)− 1.
Proof. Let the notation be as in (2.21). Since χ|Ki is of usual type, we may regard char(χ)|D1/pi ,x′
as an element of Ω1X(R
′
χ)|Di,x. By (2.22), we have char(χ)|D1/pi ,x′
= α′id log ti/
∏r
i′=1 t
mi′
i′ .
Hence the order ord′(χ; x,Di) is the maximal integer m
′ such that α′i ∈ m
m′
x ODi,x. Since n is
the maximal integer m such that αi ∈ m
m
x ODi,x, the assertion holds by (2.22).
Lemma 2.24. Let χ be an element of H1e´t(U,Q/Z) and x a closed point of Zχ. Assume that
(X,U, χ) is clean at x and let d be the dimension of OX,x.
(i) ♯(Ix) < d or II,χ,x 6= ∅.
(ii) (X,U, χ) is non-degenerate at x if and only if one of the following conditions holds:
(a) Ix = III,χ,x.
(b) Ix = IW,χ,x, ♯(II,χ,x) = 1, and the image of ξi(χ) in k(x) is not 0 for i ∈ II,χ,x.
(iii) If ♯(IW,χ,x) = d and if ♯(II,χ,x) = 1, then (X,U, χ) is non-degenerate at x.
(iv) If ♯(Ix) = d and if ♯(IW,χ,x) = 1, then the image of ξi(χ) in k(x) is not 0 for i ∈ IW,χ,x.
Proof. (i) Suppose ♯(Ix) = d and II,χ,x = ∅. Then, by (2.22), we have rsw(χ)x = 0 in
Ω1X(logD)(Rχ)x⊗OX,x k(x), which contradicts to the assumption that (X,U, χ) is clean at x.
Hence the assertion holds.
(ii) By Lemma 2.22 (i) and (iii), we may assume Ix = IW,χ,x and ♯(II,χ,x) ≤ 1.
If ♯(II,χ,x) = 0, then R
′
χ = Rχ in a neighborhood of x and the image of rsw(χ)x in
Ω1X(logD)(Rχ)x⊗OX,xk(x) is the image of char(χ)x′ by Ω
1
X(R
′
χ)x⊗OX,xk(x
′)→ Ω1X(logD)(Rχ)x⊗OX,x
k(x′), where x′ is the unique point on Z
1/p
χ lying above x. Since (X,U, χ) is clean at
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x, we have rsw(χ)x 6= 0 in Ω
1
X(logD)(Rχ)x ⊗OX,x k(x). Hence we have char(χ)x′ 6= 0 in
Ω1X(Rχ)x ⊗OX,x k(x
′), which implies that (X,U, χ) is non-degenerate at x.
Suppose ♯(II,χ,x) = 1 and let the notation be as in (2.21). Then we have char(χ)|D1/pi ,x′
=
αidti/
∏r
i=1 t
mi
i ∈ Ω
1
X(R
′
χ)|Di,x for i ∈ II,χ,x by (2.22). Hence (X,U, χ) is non-degenerate at
x if and only if the image of αi for i ∈ II,χ,x in k(x) is not 0. Since the last condition is
equivalent to the condition (b), the assertion holds.
(iii) Let the notation be as in (2.21) and let i be the element of II,χ,x. By (2.22), we have
rsw(χ)|DIx ,x = αid log ti/
∏r
i=1 t
ni
i , where DIx =
⋂
i∈Ix
Di. Hence the image of αi in k(x) is
not 0 by the cleanliness of (X,U, χ) at x. Thus the assertion holds by (ii).
(iv) By (2.22) and the cleanliness of (X,U, χ) at x, the assertion holds.
Corollary 2.25. Let χ be an element of H1e´t(U,Q/Z) and x a closed point of X. Assume
that OX,x is of dimension 2 and that (X,U, χ) is clean but not non-degenerate at x. Then
IW,χ,x = II,χ,x.
Proof. Since (X,U, χ) is assumed to be not non-degenerate at x, we have x ∈ Zχ. Since
(X,U, χ) is assumed to be clean at x and OX,x is assumed to be of dimension 2, the assertion
holds by Lemma 2.24 (i) if Ix 6= IW,χ,x, by Lemma 2.24 (ii) if ♯(Ix) = ♯(IW,χ,x) = 1, and by
Lemma 2.24 (i) and (iii) if ♯(IW,χ,x) = 2.
For the complement V = X − E of a divisor E on X contained in D and the im-
age χ ∈ H1e´t(U,Q/Z) of an element χ
′ ∈ H1e´t(V,Q/Z), the refined Swan conductor rsw(χ)
and the characteristic form char(χ) of χ are the images of those rsw(χ′) and char(χ′) of
χ′ by the canonical morphisms Γ(Zχ′,Ω
1
X(logE)(Rχ′)|Zχ′ ) → Γ(Zχ,Ω
1
X(logD)(Rχ)|Zχ) and
Γ(Z
1/p
χ′ ,Ω
1
X(R
′
χ′) ⊗OX OZ1/p
χ′
) → Γ(Z
1/p
χ ,Ω1X(R
′
χ) ⊗OX OZ1/pχ ) respectively. Here we note
Rχ = Rχ′ , Zχ = Zχ′, and R
′
χ = R
′
χ′ +DT,χ.
Lemma 2.26. Let E be a divisor on X contained in D. We put V = X − E. Let χ′ be an
element of H1e´t(V,Q/Z) and χ ∈ H
1
e´t(U,Q/Z) the image of χ
′. Let x be a point on X and
assume that (X,U, χ) is clean at x.
(i) (X, V, χ′) is clean at x. Consequently, if (X,U, χ) is clean, then (X, V, χ′) is clean.
(ii) Assume that x is a closed point of X and that ♯(Ix) = dimOX,x = 2. Let i be an
element of Ix and assume E = Di. Then (X, V, χ
′) is non-degenerate at x.
Proof. We note Rχ = Rχ′ and Zχ = Zχ′. If x /∈ Zχ′, then (X, V, χ
′) is clean and non-
degenerate at x. Hence we may assume x ∈ Zχ′ = Zχ. Since (X,U, χ) is assumed to be clean
at x, we have rsw(χ)x 6= 0 in Ω
1
X(logD)(Rχ)x ⊗OX,x k(x).
(i) Since rsw(χ)x is the image of rsw(χ
′)x by the canonical morphism Ω
1
X(logE)(Rχ′)|Zχ′ ,x →
Ω1X(logD)(Rχ)|Zχ,x, we have rsw(χ
′)x 6= 0 in Ω
1
X(logE)(Rχ′)x⊗OX,xk(x). Hence the assertion
holds.
(ii) By Lemma 2.24 (ii), we may assume that χ′|Ki is of type I. Since rsw(χ)x is the
image of rsw(χ′)x by the canonical morphism Ω
1
X(logDi)(Rχ′)|Zχ′ ,x → Ω
1
X(logD)(Rχ)|Zχ,x,
the image of ξi(χ
′) in k(x) is equal to the image of ξi(χ) in k(x). Since the image of ξi(χ) in
k(x) is not 0 by Lemma 2.24 (iv), the assertion holds by Lemma 2.24 (ii).
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We give a sufficient condition for (X,U, χ) to be clean when D = E ∪ X ′ for a smooth
divisor X ′ on X in Lemma 3.11 (ii) later.
In the rest of this subsection, we consider conditions on a Witt vector locally defining the
p-part of χ ∈ H1e´t(U,Q/Z) for (X,U, χ) to be clean. Let χ be an element of H
1
e´t(U,Q/Z). Let
x be a closed point of Zχ and A = OX,x the local ring at x. We assume I = Ix. Let ti ∈ A
be a local equation of Di for i ∈ I. We put I = {1, . . . , r} and IW,χ = {1, . . . , r
′} = IW,χ,x,
where 1 ≤ r′ ≤ r ≤ dimA. We put ni = sw(χ|Ki) and s
′
i = ordp(ni) for i ∈ IW,χ. We assume
s′1 ≤ · · · ≤ s
′
r′. For an integer s > 0 such that s > s
′
1 and that the order of the p-part of χ is
≤ ps, we regard the p-part of χ as an element of H1e´t(U,Z/p
sZ).
Lemma 2.27. Let i be an element of II,χ. Let a = (as−1, . . . , a0) be an element of the
stalk of filRχj∗Ws(OU ) at x whose image in H
1
e´t(U,Z/p
sZ) is locally the p-part of χ (then
s > s′i by Lemma 2.12). We put as′i = a
′
s′i
/
∏
i′∈IW,χ
t
n′
i′
i′ , where a
′
s′i
∈ A and n′i′ is the
maximal integer m′i′ such that −m
′
i′p
s′i ≥ −ni′ for i
′ ∈ IW,χ (then a
′
s′i
/∈ pi by Lemma 2.12).
Let n be the maximal integer m such that a′s′i
∈ mmx A/pi. Then we have ord
′(χ; x,Di) =
nps
′
i + ♯(IT,χ) +
∑
i′∈IW,χ\{i}
(dt(χ|Ki′ )− p
s′in′i′).
Proof. By Lemma 2.12, the germ char(χ)|
D
1/p
i ,x
′ depends only on as′i, where x
′ is the unique
closed point of D
1/p
i lying above x. Hence we may assume ai′ = 0 if i
′ 6= s′i. Then we have
rsw(χ)|Di,x = (a
′
s′i
ps
′
i−1
∏
i′∈IW,χ
t
ni′−p
s′in′
i′
i′ ) ·
∑
i′′∈IW,χ
(n′i′′a
′
s′i
d log ti′′ − da
′
s′i
)/
∏
h∈IW,χ
tnhh .
Hence n′ps
′
i+
∑
i′∈IW,χ
ni′−p
s′in′i′ is the maximal integerm such that the image of ξi(χ)x : OX(Rχ)|Di,x →
ODi,x is contained in m
m
x ODi,x. Since dt(χ|Ki′ ) = ni′ + 1 for i
′ ∈ II,χ, dt(χ|Ki′ ) = ni′ for
i′ ∈ III,χ, and ni = p
s′in′i, the assertion holds by Lemma 2.23.
Lemma 2.28. Let a = (as−1, . . . , a0) be an element of the stalk of filRχj∗Ws(OU) at x which
locally defines the p-part of χ. We put d = dimA and ah = a
′
h/
∏r′
i′=1 t
p−hni′
i′ , where a
′
h ∈ A
for 0 ≤ h ≤ s′1.
(i) For i ∈ IW,χ, the following are equivalent:
(a) s′i = s
′
1 and a
′
s′1
is invertible in A.
(b) The image of ξi(χ) : OX(−Rχ)|Di → ODi (2.6) in k(x) is not 0.
(ii) If a′s′1
is invertible in A, then (X,U, χ) is clean at x. If r = d, then the converse is true.
(iii) Assume r < d and a′h ∈ mx for 0 ≤ h ≤ s
′
1−1. Then (X,U, χ) is clean at x if and only
if one of the following conditions holds:
(a) a′s′1
is invertible in A.
(b) a′s′1
∈ mx and (t1, . . . , tr, a
′
0) is a part of a coordinate system of A.
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(iv) Assume that (X,U, χ) is clean at x. Then (X,U, χ) is non-degenerate at x if and only
if one of the following conditions holds:
(a) I = IT,χ.
(b) I = III,χ.
(c) I = IW,χ and ♯(II,χ) = 1. For i ∈ II,χ, we have s
′
i = s
′
1 and a
′
s′1
is invertible in A.
Proof. Since we have a = (0, . . . , 0, as′1, as′1−1, . . . , a0) in grn1Ws(K1) by (2.4), the germ
rsw(χ)|D1,x depends only on ah for 0 ≤ h ≤ s
′
1. Hence the image of rsw(χ)x in Ω
1
X(logD)(Rχ)x⊗OX,x
k(x) depends only on ah for 0 ≤ h ≤ s
′
1. For 0 ≤ h ≤ s
′
1, we have
(2.23) − ap
h−1
h dah = a
′
h
ph−1
(
∑
i′∈IW,χ,x
p−hni′a
′
hd log ti′ − da
′
h)/
∏
i′∈IW,χ,x
t
ni′
i′ .
Since p−hni′ ∈ pZ for 0 ≤ h ≤ s
′
1− 1 and i
′ ∈ IW,χ, we have p
−hni′a
′ph
h = 0 for 0 ≤ h ≤ s
′
1− 1
and i′ ∈ IW,χ.
(i) Since p−hni ∈ pZ for 0 ≤ h ≤ s
′
1− 1, the condition (b) is equivalent to that p
−s′1nia
′ps
′
1
s′1
is invertible in A by (2.23). Hence the assertion holds.
(ii) If a′s′1
is invertible in A, then the image of ξ1(χ) in k(x) is not 0 by (i). Hence
ord(χ, x,D1) = 0. Thus the first assertion holds.
Conversely, suppose r = d and that (X,U, χ) is clean at x. Since a′h ∈ A for 0 ≤ h ≤ s
′
1,
we have da′h = 0 in Ω
1
X(logD)x ⊗OX,x k(x) for 0 ≤ h ≤ s
′
1 by r = d. Since p
−hni′ ∈ pZ for
0 ≤ h ≤ s′1 − 1 and i
′ ∈ IW,χ, we have a
′ps
′
1
s′1
6= 0 in k(x) by the cleanliness of (X,U, χ) at x.
Hence the second assertion holds.
(iii) By (ii), it is sufficient to prove the equivalence between the condition (b) and the
cleanliness of (X,U, χ) at x in the case where a′s′1
∈ mx. Suppose a
′
s′1
∈ mx. By the assumption
a′h ∈ mx for 1 ≤ h ≤ s
′
1 − 1 and a
′
s′1
∈ mx, we have a
′ph−1
h ∈ mx for 1 ≤ h ≤ s
′
1. Hence,
by (2.23), the cleanliness of (X,U, χ) at x is equivalent to
∑
i′∈IW,χ
ni′a
′
0d log ti′ − da
′
0 6= 0
in Ω1X(logD)x ⊗OX,x k(x). By the assumption a
′
0 ∈ mx, the last condition is equivalent to
da′0 6= 0 in Ω
1
X(logD)x ⊗OX,x k(x). Since da
′
0 in Ω
1
X(logD)x ⊗OX,x k(x) is the image of da
′
0
by the composition of the canonical morphism Ω1X,x ⊗OX,x k(x)→ Ω
1
DI ,x
⊗ODI,x k(x) and the
canonical injection Ω1DI ,x⊗ODI,xk(x)→ Ω
1
X(logD)x⊗OX,xk(x), the last condition is equivalent
to da′0 6= 0 in Ω
1
DI ,x
⊗ODI ,x k(x), which is equivalent to the condition (b) by the assumption
a′0 ∈ mx.
(iv) The assertion holds by (i) and Lemma 2.24 (ii).
Corollary 2.29. Let the notation be as in Lemma 2.28. Assume r = d and that (X,U, χ) is
clean at x. Let i be an element of IW,χ,x. Then the following are equivalent:
(i) s′i = s
′
1.
(ii) The image of ξi(χ) in k(x) is not 0.
Proof. By Lemma 2.28 (ii) and the assumption r = d and that (X,U, χ) is clean at x, the
element a′s′1
is invertible in A. Hence the assertion holds by Lemma 2.28 (i).
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2.3 Cleanliness and the direct image by the open immersion
Let the notation be as in Subsection 2.2. We briefly recall Abbes-Saito’s logarithmic rami-
fication theory ([AS5], [S2, 2.2]). Let R =
∑
i∈I niDi be a linear combination with integral
coefficients ni ≥ 0 for i ∈ I. Let (X ∗k X)i denote the complement of the proper transform
of (Di×k X) ∪ (X ×k Di) in the blow-up of X ×k X along Di ×k Di for i ∈ I. We define the
log-product X ∗k X to be the fiber product of (X ∗k X)i for all i ∈ I over X ×k X . We note
that if X = SpecA is affine and if Di = (ti = 0) for some ti ∈ A for i ∈ I = {1, . . . , r} then
we have X ∗k X = SpecA⊗k A[((1⊗ t1)/(t1⊗ 1))
±1, . . . , ((1⊗ tr)/(tr ⊗ 1))
±1]. The diagonal
δ : X → X ×k X is naturally lifted to a closed immersion δ˜ : X → X ∗k X , which is called
the log diagonal. We consider the cartesian diagram
(2.24) X˜ //

X ∗k X

X
δ
// X ×k X.
Then, by [T, Lemma 2.1], the fiber product X˜ in (2.24) is the union of (Gm)
♯(I′)-bundles
{DI′ ×k G
♯(I′)
m }I′⊂I , where DI′ =
⋂
i∈I′ Di. We note that if X = SpecA is affine and if Di =
(ti = 0) for some ti ∈ A for i ∈ I then the images Ui of (1⊗ ti)/(ti⊗1) ∈ Γ(X ∗kX,OX∗kX) in
Γ(DI′ ×k G
♯(I′)
m ,ODI′×kG
♯(I′)
m
) for i ∈ I ′ form a coordinate system of DI′ ×k G
♯(I′)
m . We define
(X ∗kX)
(R) to be the complement of the proper transform of (X ∗kX)×XR in the blow-up of
X ∗kX along the image of R by the log diagonal δ˜. The open immersion U×kU → X×kX is
naturally lifted to an open immersion j˜ : U×kU → X ∗kX and further to an open immersion
j(R) : U ×k U → (X ∗k X)
(R). If R = 0, then we have (X ∗k X)
(R) = X ∗k X .
Let pi : (X ∗k X)
(R) → X be the composition of the canonical morphism (X ∗k X)
(R) →
X ×k X and the i-th projection X ×k X → X for i = 1, 2. By [AS5, Lemma 4.6], the
morphism pi : (X ∗k X)
(R) → X is smooth for i = 1, 2. Let E(R) denote the base change
by R → X of (X ∗k X)
(R) regarded as an X-scheme by pi : (X ∗k X)
(R) → X , which is
independent of the choice of i. Then E(R) is a vector bundle over R canonically isomorphic
to V(Ω1X(logD)⊗OX OX(R))×X R by [AS5, 8.13].
Let F be a smooth sheaf of Λ-modules of rank 1 on U and let χ : πab1 (U) → Λ
× be
the character corresponding to F . We fix an inclusion Λ× → Q/Z and regard χ as an
element of H1e´t(U,Q/Z). Let H be the smooth sheaf Hom(pr
∗
2F , pr
∗
1F) on U ×k U , where
pri : U×kU → U is the i-th projection for i = 1, 2. If Zχ is not empty, then j
(Rχ)
∗ H is a smooth
sheaf of Λ-modules of rank 1 by [AS3, Proposition 4.2.2.1] and the restriction j
(Rχ)
∗ H|E(Rχ)
of j
(Rχ)
∗ H to E(Rχ) is defined by the Artin-Schreier equation (F − 1)(t) = −rsw(χ) by [AS3,
Proposition 4.2.2.2].
Let IR,χ be the subset of the index set I consisting of i ∈ I such that χ|Ki is ramified. We
put IST,χ = IR,χ ∩ IT,χ. We say that F is totally wildly ramified along D if I = IW,χ. We say
that F is strictly ramified along D if I = IR,χ and we say that F is strictly tamely ramified
along D if I = IST,χ. We put DR,χ =
⋃
i∈IR,χ
Di and DST,χ =
⋃
i∈IST,χ
Di.
Lemma 2.30. Assume that F is tamely ramified along D.
(i) (X ∗k X)
(Rχ) = X ∗k X, and j
(Rχ)
∗ H = j˜∗H is a smooth sheaf of Λ-modules of rank 1.
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(ii) Let x¯ be a geometric point on DST. Let x ∈ X be the image of x¯ and put I
′ = IST ∩ Ix.
Then (j˜∗H)|x¯×kG♯(I
′)
m
is not constant.
Proof. Since F is assumed to be tamely ramified along D, we have Rχ = 0. Hence the first
assertion in (i) holds.
Suppose that F is unramified along D. Then F = F ′|U for a smooth sheaf F
′ of Λ-
modules of rank 1 on X . We put H′ = Hom(p∗2F
′, p∗1F
′). Then H′ is a smooth sheaf of
Λ-modules of rank 1 on X ∗k X and we have H = j˜
∗H′. Since H is a smooth sheaf on
U ×k U ⊂ X ∗k X and X ∗k X is smooth over k, the sheaf j˜∗H is a smooth sheaf on X ∗k X .
Hence the second assertion in (i) holds if F is unramified along D.
Suppose that F is not unramified along D. Then we have IST 6= ∅ and DST 6= 0. Since
the assertions are e´tale local, we may assume that X = SpecA is affine and Di = (ti = 0)
for some ti ∈ A for i ∈ I = {1, . . . , r}. Let x¯ be a geometric point on DST and x ∈ X
the image of x¯. Since the assertions are e´tale local, we may assume I = Ix and we put
I ′ = IST = {1, . . . , r
′}, where r′ ≤ r. By taking an e´tale covering of X if necessary, we
may assume that χ is defined by tn = tn11 · · · t
nr′
r′ for an integer n > 1 prime to p and for
(ni)i ∈ (Z>0)
r′ such that the greatest common divisor of n and (ni)i is 1. Since X ∗k X =
SpecA⊗kA[((1⊗ t1)/(t1⊗1))
±1, . . . , ((1⊗ tr)/(tr⊗1))
±1] and the smooth sheaf H is defined
by tn = ((1 ⊗ t1)/(t1 ⊗ 1))
n1 · · · ((1⊗ tr′)/(tr′ ⊗ 1))
nr′ , the second assertion in (i) holds. Let
ι : x¯×kG
♯(I′)
m → X ∗kX be the morphism induced by X˜ → X ∗kX . Since the images (Ui)i∈I′
of ((1⊗ ti)/(ti⊗1))i∈I′ by ι
∗ : Γ(X ∗kX,OX∗kX)→ Γ(X ∗kX, ι∗Ox¯×kG♯(Ix)m ) form a coordinate
system of x¯×k G
♯(I′)
m , the assertion (ii) holds.
Lemma 2.31. Let x¯ be a geometric point on DR and let P
(Rχ)
x¯ be the fiber product of (X ∗k
X)(Rχ) and x¯ over X ×k X, where x¯ is regarded as an X ×k X-scheme by the diagonal
X → X ×k X. Let x ∈ X be the image of x¯.
(i) If x /∈ Zχ, then j
(Rχ)
∗ H|P (Rχ)x¯
is not constant.
(ii) If x ∈ Zχ and if (X,U, χ) is clean at x, then j
(Rχ)
∗ H|P (Rχ)x¯
is not constant.
Proof. (i) Since F is tamely ramified along D in a neighborhood of x /∈ Zχ and the assertion
is e´tale local, we may assume (X ∗k X)
(Rχ) = X ∗k X and j
(Rχ) = j˜ by Lemma 2.30 (i). We
put I ′ = IST ∩ Ix and we consider the commutative diagram
DI′ ×k G
♯(I′)
m
//

X ∗k X

D
δ
// X ×k X.
Since P
(Rχ)
x¯ contains x¯×k G
♯(I′)
m , the assertion holds by Lemma 2.30 (ii).
(ii) For i = 1, 2, we consider the cartesian diagram
E(Rχ)

// (X ∗k X)
(Rχ)
pi

Rχ // X.
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Since E(Rχ) is independent of the choice of i, the fiber product P
(Rχ)
x¯ is E
(Rχ)
x¯ = x¯×Rχ E
(Rχ).
Since the restriction j
(Rχ)
∗ H|E(Rχ)x
is defined by the Artin-Schreier equation (F − 1)(t) =
−rsw(χ) by [AS3, Proposition 4.2.2.2], the cleanliness of (X,U, χ) implies that the restriction
j
(Rχ)
∗ H|E(Rχ)x¯
is not constant. Hence the assertion holds.
Proposition 2.32. Assume that (X,U, χ) is clean. Then we have (Rj∗F)|DR = 0. Espe-
cially, if F is strictly ramified along D, then the canonical morphism j!F → Rj∗F is an
isomorphism.
Proof. We consider the cartesian diagram
U ×k U
pri

j(Rχ) // (X ∗k X)
(Rχ)
pi

U
j
// X
for i = 1, 2 ([S2, 2.3]). Since F is of rank 1, the evaluation morphism
(2.25) H⊗Λ pr
∗
2F → pr
∗
1F
is an isomorphism. By applying Rj
(Rχ)
∗ to (2.25), we have an isomorphism
(2.26) Rj(Rχ)∗ (H⊗Λ pr
∗
2F)→ Rj
(Rχ)
∗ pr
∗
1F .
We consider the canonical morphism
(2.27) j(Rχ)∗ H⊗Λ Rj
(Rχ)
∗ pr
∗
2F → Rj
(Rχ)
∗ (H⊗Λ pr
∗
2F).
Since j
(Rχ)
∗ H andH are locally constant by Lemma 2.30 (i) and [AS3, Proposition 4.2.2.1], the
canonical morphism (2.27) is an isomorphism. Hence the composition j
(Rχ)
∗ H⊗ΛRj
(Rχ)
∗ pr∗2F →
Rj
(Rχ)
∗ pr∗1F of (2.27) and the isomorphism (2.26) is an isomorphism. By the smooth base
change theorem, the base change morphism p∗iRj∗F → Rj
(Rχ)
∗ pr∗iF is an isomorphism for
i = 1, 2. Hence we have an isomorphism
(2.28) j(Rχ)∗ H⊗Λ p
∗
2Rj∗F → p
∗
1Rj∗F .
Let x¯ be a geometric point on DR. Let P
(Rχ)
x¯ be as in Lemma 2.31 and πx¯ : P
(Rχ)
x¯ → x¯ be
the projection. By restricting (2.28) to P
(Rχ)
x¯ , we have an isomorphism
(2.29) (j(Rχ)∗ H)|P (Rχ)x¯
⊗Λ (p
∗
2Rj∗F)|P (Rχ)x¯
→ (p∗1Rj∗F)|P (Rχ)x¯
.
Since we have (p∗iRj∗F)|P (Rχ)x¯
= π∗x¯(Rj∗F)x¯ for i = 1, 2, the complex (p
∗
1Rj∗F)|P (Rχ)x¯
=
(p∗2Rj∗F)|P (Rχ)x¯
has constant cohomology sheaves. Since (j
(Rχ)
∗ H)|P (Rχ)x¯
is not constant by
Lemma 2.31 and the morphism (2.29) is an isomorphism, we have (p∗iRj∗F)|P (Rχ)x¯
= 0 for
i = 1, 2. Since (p∗1Rj∗F)|P (Rχ)x¯
= π∗x¯(Rj∗F)x¯ for i = 1, 2, we have π
∗
x¯(Rj∗F)x¯ = 0 and hence
(Rj∗F)x¯ = 0. Thus the first assertion holds. Since DR = D in the case where F is strictly
ramified along D, the last assertion holds.
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3 Logarithmic theory of characteristic cycle
3.1 Logarithmic characteristic cycle of a rank 1 sheaf
We briefly recall Kato’s logarithmic characteristic cycle defined in [K2].
Let X be a smooth scheme purely of dimension d over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I the irreducible
components of D. Let OKi = OˆX,pi be the completion of the local ring at the generic point pi
of Di and Ki = FracOKi the local field at pi for i ∈ I. We put U = X−D and let j : U → X
be the open immersion. Let F be a smooth sheaf of Λ-modules of rank 1 on U and let
χ : πab1 (U) → Λ
× be the character corresponding to F . We fix an inclusion ψ : Λ× → Q/Z
and regard χ as an element of H1e´t(U,Q/Z) by ψ.
Let T ∗X(logD) = SpecS•Ω1X(logD)
∨ be the logarithmic cotangent bundle with loga-
rithmic poles along D and T ∗XX(logD) the zero section of T
∗X(logD). Let Zd(T
∗X(logD))
be the free abelian group of d-cycles on T ∗X(logD). For i ∈ IW,χ, let Li,χ be the sub line
bundle of T ∗X(logD)×X Di defined by the unique ODi-submodule of Ω
1
X(logD)|Di which is
locally a direct summand of Ω1X(logD)|Di of rank 1 containing OX(−Rχ)|Di · rsw(χ)|Di. We
note that if (X,U, χ) is clean then Li,χ is defined by OX(−Rχ)|Di · rsw(χ)|Di.
Definition 3.1 ([K2, (3.4.4)]). Assume that (X,U, χ) is clean. We define a logarithmic
characteristic cycle Charlog(X,U, χ) ∈ Zd(T
∗X(logD)) of (X,U, χ) by
(3.1) Charlog(X,U, χ) = (−1)d([T ∗XX(logD)] +
∑
i∈IW,χ
sw(χ|Ki)[Li,χ]).
We write SS log(X,U, χ) for the support of Charlog(X,U, χ).
Theorem 3.2 (Index formula, [S1, Corollary 3.8]). Assume that (X,U, χ) is clean. If X is
proper over an algebraically closed field, then we have
χ(X, j!F) = (Char
log(X,U, χ), T ∗XX(logD))T ∗X(logD),
where the right-hand side is the intersection number of Charlog(X,U, χ) with the zero section
T ∗XX(logD) of T
∗X(logD).
If d = 2, then, without any assumption on the cleanliness of (X,U, χ), a logarithmic
characteristic cycle Charlog(X,U, χ) is defined as follows: Let
(3.2) f : X ′ = Xs → Xs−1 → · · · → X0 = X
be the composition of blow-ups {Xi+1 → Xi}0≤i≤s−1 at closed points {xi ∈ Xi}0≤i≤s−1 lying
above D such that (X ′, f−1(U), f ∗χ) is clean ([K2, Theorem 4.1]). We consider the algebraic
correspondence
T ∗X(logD)
pr1←−− T ∗X(logD)×X X
′ df
D
−−→ T ∗X ′(log f ∗D).
We put C ′ = SS log(X ′, f ∗U, f ∗χ) ⊂ T ∗X ′(log f ∗D) and C = pr1(df
D−1(C ′)) ⊂ T ∗X(logD).
Then dfD and pr1 define the Gysin homomorphism ([Ful, 6.6]) and the proper push-forward
(3.3) CH2(C
′)
dfD
!
−−→ CH2(df
D−1(C ′))
pr1∗−−→ CH2(C).
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Since f is a composition of blow-ups at closed points, every irreducible components of C
is of dimension ≤ 2. Hence the composition (3.3) defines a morphism Z2(C
′) → Z2(C) of
free abelian groups. We define the logarithmic characteristic cycle Charlog(X,U, χ) to be
the image of Charlog(X ′, f ∗U, f ∗χ) by the morphism Z2(C
′)→ Z2(C). Then the logarithmic
characteristic cycle Charlog(X,U, χ) is of the form
(3.4) Charlog(X,U, χ) = [T ∗XX(logD)] +
∑
i∈I
sw(χ|Ki)[Li,χ] +
∑
x∈|D|
sx[T
∗
xX(logD)],
where |D| is the set of closed points of D and T ∗xX(logD) ⊂ T
∗X(logD) is the fiber at
x ∈ |D|. We write SS log(X,U, χ) for the support of Charlog(X,U, χ).
We note that this definition is the same as that in [K2, Remark 5.8] and that the definition
of Charlog(X,U, χ) is independent of the choice of successive blow-ups by [K2, Remark 5.7].
In particular, if (X,U, χ) is clean, then the multiplicities of fibers at closed points on D in
Charlog(X,U, χ) are 0. We refer to [K2, Remark 5.7] for an algebraic computation of the
multiplicities of fibers at closed points of D in Charlog(X,U, χ). We note that the triple
(X,U, χ) is not always clean even if the multiplicities of fibers at closed points on D are 0.
Example 3.3. Let X be the affine plane A2k = Spec k[t1, t2] and D the irreducible divisor
(t1 = 0). Let x ∈ X be the origin. Let F be a smooth sheaf of Λ-modules of rank 1 on
U = X −D defined by the Artin-Schreier equation tp − t = (t2/t1)
n where n ∈ Z≥2 is prime
to p. Then (X,U, χ) is not clean at x. However we have sx = 0 by calculating a few blow-ups
at non-clean points lying over x following [K2, Remark 5.7].
By Theorem 3.2, we obtain the following index formula.
Theorem 3.4 (Index formula). Assume d = 2. If X is proper over an algebraically closed
field, then we have
χ(X, j!F) = (Char
log(X,U, χ), T ∗XX(logD))T ∗X(logD).
3.2 Log micro support of a rank 1 sheaf
For divisors E ⊂ D on X with simple normal crossings, let τE/D : T
∗X(logE)→ T ∗X(logD)
be the canonical morphism of vector bundles over X . For an X-scheme W , we write
τE/D,W : T
∗X(logE)×XW → T
∗X(logD)×XW for the base change of τE/D by the structure
morphism W → X . In particular, if E = ∅, then we simply write τD and τD,W for τ∅/D and
τ∅/D,W respectively.
We keep the notation in Subsection 3.1. In this subsection, we prove that j!F is micro-
supported on τ−1D (SS
log(X,U, χ)) in the case where (X,U, χ) is clean (Theorem 3.12).
We introduce the log transversality of a morphism of smooth schemes over k. The log
transversality implies the cleanliness of the pull-back of a clean character (Proposition 3.10
(iii)). Let CD =
⋃
I′⊂I T
∗
DI′
X ⊂ T ∗X be the union of the conormal bundles of DI′ =
⋂
i∈I′ Di
over X for all subsets I ′ ⊂ I. We note that CD is a closed conical subset of T
∗X . By [S5,
Lemma 3.4.5], a morphism h : W → X of smooth schemes over k is CD-transversal if and
only if h∗D is a divisor on W with simple normal crossings and h∗Di is a smooth divisor on
W for every i ∈ I. For a CD-transversal morphism h : W → X of smooth schemes over k, let
dhD : T ∗X(logD)×X W → T
∗W (log h∗D)
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be the morphism yielded by h.
Definition 3.5. Let C be a closed conical subset of T ∗X(logD).
(i) We say that a morphism h : W → X of smooth schemes over k is log-D-C-transversal
at a point w ∈ W if h is CD-transversal at w and if the subset (dh
D−1(T ∗WW (log h
∗D))∩
h∗C)×W w ⊂ T
∗X(logD)×X w is contained in the zero section T
∗
XX(logD)×X w.
We say that a morphism h : W → X of smooth schemes over k is log-D-C-transversal if
h is CD-transversal and if the subset dh
D−1(T ∗WW (log h
∗D))∩h∗C ⊂ T ∗X(logD)×XW
is contained in the zero section T ∗XX(logD)×X W .
(ii) Let h : W → X be a log-D-C-transversal morphism of smooth schemes over k. We
define a closed conical subset h◦C ⊂ T ∗W (log h∗D) to be the image of the subset
h∗C ⊂ T ∗X(logD)×X W by dh
D : T ∗X(logD)×X W → T
∗W (log h∗D).
We note that the log-D-C-transversality of h is equivalent to the log-D-C-transversality
at all points on W . We also note that if the morphism h : W → X is log-D-C-transversal,
then the restriction dhD : h∗C → T ∗W (log h∗D) is finite by [S5, Lemma 3.1].
Lemma 3.6. The inverse image τ−1D (T
∗
XX(logD)) is CD and we have τ
!
D([T
∗
XX(logD)]) =∑
I′⊂I [T
∗
DI′
X ], where τ !D : CHd(T
∗
XX(logD)) → CHd(CD) is the Gysin homomorphism for
the l.c.i. morphism τD : T
∗X → T ∗X(logD) ([Ful, 6.6]).
Proof. Let x be a closed point of D. Since the assertion is local, it is sufficient to prove the
assertion in a neighborhood of x. We may assume x ∈ DI . Let I and J be the defining
ideal sheaves of T ∗XX(logD) ⊂ T
∗X(logD) and τ−1D (T
∗
XX(logD)) ⊂ T
∗X respectively. We
put I = {1, . . . , r} and let (t1, . . . , td) be a local coordinate system at x such that ti is a local
equation of Di for i ∈ I. Then Ω
1
X(logD)x and Ω
1
X,x are free OX,x-modules and have base
(d log t1, . . . , d log tr, dtr+1, . . . , dtd) and (dt1, . . . , dtd) respectively. Let the dual base of the
base be denoted by (∂/(∂ log t1), . . . , ∂/(∂ log tr), ∂/∂tr+1, . . . , ∂/∂td) and (∂/∂t1, . . . , ∂/∂td)
respectively. Since we have
Ix = (∂/(∂ log t1), . . . , ∂/(∂ log tr), ∂/∂tr+1, . . . , ∂/∂td),
we have
Jx = (t1∂/∂t1, . . . , tr∂/∂tr , ∂/∂tr+1, . . . , ∂/∂td).
Hence the assertions hold.
Lemma 3.7. (i) Let A be a commutative ring. Let M , M ′, N , and N ′ be finitely generated
projective A-modules. If a commutative diagram
(3.5) N ′ Noo
M ′
OO
Moo
OO
of A-modules is cocartesian, then the commutative diagram
S•N ′ S•Noo
S•M ′
OO
S•M
OO
oo
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of A-algebras is cocartesian.
(ii) Let h : W → X be a CD-transversal morphism of smooth schemes over k. Then the
commutative diagram
(3.6) T ∗X ×X W
dh

τD,W // T ∗X(logD)×X W
dhD

T ∗W τh∗D
// T ∗W (log h∗D).
is cartesian.
Proof. (i) We prove that the commutative diagram
HomA-alg(S
•N ′, B)

// HomA-alg(S
•N,B)

HomA-alg(S
•M ′, B) // HomA-alg(S
•M,B)
is cartesian for every A-algebra B, which deduces the assertion. By the universality of
symmetric algebra, it is sufficient to prove that the commutative diagram
HomA-mod(N
′, B)

// HomA-mod(N,B)

HomA-mod(M
′, B) // HomA-mod(M,B)
is cartesian for every A-algebra B regarded as an A-module and this holds by the assumption
that the diagram (3.5) is cocartesian.
(ii) We consider the commutative diagram
0 // h∗Ω1X
//
dh

h∗Ω1X(logD)
//
dhD

⊕
i∈I h
∗ODi //

0
0 // Ω1W
// Ω1W (log h
∗D) //
⊕
i∈I Oh∗Di
// 0.
Since h is assumed to be CD-transversal, the horizontal lines are exact and the right vertical
arrow is an isomorphism by [S5, Lemma 3.4.5]. Hence the left square is cartesian. Since the
dual of the left square is cocartesian, the assertion holds by (i).
Proposition 3.8. Let h : W → X be a morphism of smooth schemes over k and let C ⊂
T ∗X(logD) be a closed conical subset. Then the following are equivalent:
(i) h is log-D-C-transversal.
(ii) h is CD ∪ τ
−1
D (C)-transversal.
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Proof. We may assume that h is CD-transversal and it suffices to prove that h is log-D-
C-transversal if and only if h is τ−1D (C)-transversal. Since the image of T
∗
WW by τh∗D is
T ∗WW (logD), the commutative diagram
dh−1(T ∗WW )
τD,W //
dh

dhD−1(T ∗WW (log h
∗D))
dhD

T ∗WW τh∗D
// T ∗WW (log h
∗D)
is cartesian by Lemma 3.7 (ii). Since the lower horizontal arrow is an isomorphism, the upper
horizontal arrow is an isomorphism. We consider the isomorphism
dh−1(T ∗WW ) ∩ h
∗τ−1D (C)→ dh
D−1(T ∗WW (log h
∗D)) ∩ h∗C
induced by the upper horizontal arrow. Since T ∗XX×XW is isomorphic to T
∗
XX(logD)×XW
by τD,W , the log-D-C-transversality of h is equivalent to the τ
−1
D (C)-transversality of h. Hence
the assertion holds.
Lemma 3.9. Let h : W → X be a morphism of smooth schemes over k and assume that h
is CD-transversal. Let Z be a closed subscheme of X and L ⊂ T
∗X(logD)×X Z a sub line
bundle. Then the following are equivalent:
(i) h is log-D-L-transversal.
(ii) dhD(h∗L) is a sub line bundle of T ∗W (log h∗D)×W h
∗Z.
Proof. Since L is a sub line bundle of T ∗X(logD)×X Z, both the conditions (i) and (ii) are
equivalent to dhD
−1
(T ∗WW (log h
∗D)) ∩ h∗L ⊂ T ∗XX(logD)×X W .
For an element χ of H1e´t(U,Q/Z) and a CD-transversal morphism h : W → X of smooth
schemes over k, let dhD : (h∗(Ω1X(logD)(Rχ))|h∗Zχ → Ω
1
W (log h
∗D)(h∗Rχ)|h∗Zχ be the mor-
phism yielded by h by abuse of notation. If (X,U, χ) is clean, then let Cχ be the union of Li,χ
for i ∈ I. Namely Cχ is the sub line bundle of T
∗X(logD)×X Zχ defined by the invertible
subsheaf OX(−Rχ)|Zχ · rsw(χ) of Ω
1
X(logD)|Zχ.
Proposition 3.10. Let χ be an element of H1e´t(U,Q/Z) and assume that (X,U, χ) is clean.
Let h : W → X be a CD-transversal morphism of smooth schemes over k.
(i) Let w be a point on h∗Zχ. Then the following are equivalent:
(a) h is log-D-Cχ-transversal at w.
(b) dhD(h∗rsw(χ))w /∈ mwΩ
1
W (log h
∗D)(h∗Rχ)|h∗Zχ,w.
(ii) The following are equivalent:
(a) h is log-D-Cχ-transversal at every generic point of h
∗Zχ.
(b) Rh∗χ = h
∗Rχ and rsw(h
∗χ) = dhD(h∗rsw(χ)).
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(iii) The following are equivalent:
(a) h is log-D-Cχ-transversal at every point on h
∗Zχ.
(b) Rh∗χ = h
∗Rχ, rsw(h
∗χ) = dhD(h∗rsw(χ)), and the pull-back (W,h∗U, h∗χ) of
(X,U, χ) by h is clean.
(c) dhD(h∗Cχ) is the sub line bundle Ch∗χ of T
∗W (log h∗D)×W h
∗Zχ.
(d) h is log-D-SS log(X,U, χ)-transversal.
If one of the equivalent conditions holds and if X and W are purely of dimension d and
c respectively, then we have
(3.7) h◦SS log(X,U, χ) = SS log(W,h∗U, h∗χ)
and
(3.8) h!Charlog(X,U, χ) = Charlog(W,h∗U, h∗χ).
Here h!Charlog(X,U, χ) is the push-forward of (−1)d−ch∗Charlog(X,U, χ) by dhD in the
sense of intersection theory.
Proof. (i) Since the condition (b) is equivalent to that dhD(h∗Cχ)×W w is a sub line bundle
of T ∗W (log h∗D)×W w, the assertion holds by Lemma 3.9.
(ii) We prove (a) ⇒ (b). Let qi be a generic point of h
∗Di and K
′
i = Frac OˆW,qi the local
field at qi for i ∈ IW,χ. Let a be a section of filRχj∗Ws(OU) whose image in H
1
e´t(U,Q/Z) is
locally the p-part of χ. We put a′ = h∗a. We note that a′ is a section of filh∗Rχj
′
∗Ws(Oh∗U)
whose image in H1e´t(h
∗U,Q/Z) is locally the p-part of h∗χ, where j′ : h∗U → W is the base
change of j by h. By (i), we have dhD(h∗rsw(χ))qi /∈ mqiΩ
1
W (log h
∗D)(h∗Rχ)|h∗Zχ,qi for every
i ∈ IW,χ. Since dh
D(h∗rsw(χ))qi is the image of a
′ for i ∈ IW,χ, the condition (b) holds by
Lemma 2.3.
Conversely, the implication (b)⇒ (a) holds by (i), since rsw(h∗χ)qi 6= 0 in Ω
1
W (log h
∗D)(h∗Rχ)|h∗Zχ,qi
for every i ∈ I.
(iii) We may assume Rh∗χ = h
∗Rχ and rsw(h
∗χ) = dhD(h∗rsw(χ)) to prove the equivalence
of (a) and (b) by (ii). Then the conditions (a) and (b) are equivalent by (i). The equivalence
of (a) and (c) holds by Lemma 3.9. Since h is log-D-T ∗XX(logD)-transversal if (and only
if) h is CD-transversal by Lemma 3.6 and Proposition 3.8, the condition (d) is equivalent to
that h is log-D-Cχ-transversal. Since Cχ is a sub line bundle of T
∗X(logD)×X Zχ, the last
condition is equivalent to the condition (a). Hence the equivalence of (a) and (d) holds.
Suppose that one of the equivalent conditions (a)–(d) holds. Then the equalities (3.7)
and (3.8) hold by (b).
For a proper morphism f : X ′ → X of smooth schemes over k and a closed conical subset
C ′ ⊂ T ∗X ′, we define a closed conical subset f◦C
′ ⊂ T ∗X to be the image by the projection
T ∗X ×X X
′ → T ∗X of the inverse image of C ′ by df : T ∗X ×X X
′ → T ∗X ′ ([Be, 1.2], [S5,
Definition 3.7]).
For a CD-transversal proper morphism f : X
′ → X of smooth schemes over k and a closed
conical subset C ′ ⊂ T ∗X ′(log f ∗D), we define a closed conical subset f◦C
′ ⊂ T ∗X(logD) to
be the image by the projection T ∗X(logD)×X X
′ → T ∗X(logD) of the inverse image of C ′
by dfD : T ∗X(logD)×X X
′ → T ∗X ′(log f ∗D).
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Lemma 3.11. Let E be a divisor on X with simple normal crossings and X ′ a smooth divisor
on X not contained in E. Assume D = X ′ ∪ E. We put V = X − E and let i : X ′ → X be
the closed immersion.
(i) Let C ⊂ T ∗X(logE) be a closed conical subset. Assume that i is log-E-C-transversal.
Then we have
(3.9) τ−1E/D(τE/D(C)) = C ∪ i◦i
◦C.
(ii) Let χ′ be an element of H1e´t(V,Q/Z) and χ ∈ H
1
e´t(U,Q/Z) the image of χ
′. Then the
following are equivalent:
(a) (X,U, χ) is clean.
(b) (X, V, χ′) is clean and i is log-E-SS log(X, V, χ′)-transversal.
If one of the equivalent conditions holds, then we have
(3.10) i◦SS log(X, V, χ′) = SS log(X ′, i∗V, i∗χ′)
and
(3.11) τ−1E/D(SS
log(X,U, χ)) = SS log(X, V, χ′) ∪ i◦SS
log(X ′, i∗V, i∗χ′).
Proof. (i) The assertion holds over X − X ′, since τE/D is an isomorphism outside X
′. We
prove the assertion on X ′. We consider the commutative diagram
T ∗X(logE)×X X
′
τE/D,X′ //
diE ))❙❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
T ∗X(logD)×X X
′
T ∗X ′(log i∗E),
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
where the right slanting arrow is the canonical injection. By the injectivity of the right
slanting arrow, the left hand side of (3.9) is diE
−1
(diE(i∗C)) over X ′. Since diE
−1
(diE(i∗C))
is i◦i
◦C over X ′, the assertion holds.
(ii) By Lemma 2.26 (i), we may assume that (X, V, χ′) is clean. By Proposition 3.10 (iii),
the condition (b) is equivalent to that diE(i∗Cχ′) is a sub line bundle of T
∗X ′(log i∗E) ×X′
i∗Zχ′. Since Zχ = Zχ′ and τE/D,X′ is the composition of di
E and the canonical injection
T ∗X ′(log i∗E)→ T ∗X(logD)×XX
′, the last condition is equivalent to that τE/D,X′(i
∗Cχ′) is
a sub line bundle of T ∗X(logD)×X i
∗Zχ. Since Rχ = Rχ′ and rsw(χ) is the image of rsw(χ
′)
in Ω1X(logD)(Rχ)|Zχ, the last condition is equivalent to that OX(−Rχ)|i∗Zχ · rsw(χ)|i∗Zχ
defines a sub line bundle of T ∗X(logD) ×X i
∗Zχ. Since the last condition is equivalent to
the cleanliness of (X,U, χ) at every point on X ′ and since rsw(χ) = rsw(χ′) outside X ′, the
assertion holds by the assumption that (X, V, χ′) is clean.
Suppose that one of the equivalent conditions (a) and (b) holds. Then the equality
(3.10) holds by (b) and Proposition 3.10 (iii). Since (X,U, χ) and (X, V, χ′) are clean,
Rχ = Rχ′ , and rsw(χ) is the image of rsw(χ
′) in Ω1X(logD)(Rχ)|Zχ, we have SS
log(X,U, χ) =
τE/D(SS
log(X, V, χ′)). Hence the equality (3.11) holds by (3.10) and (i) with C = SS log(X, V, χ′).
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Theorem 3.12. If (X,U, χ) is clean, then j!F is micro-supported on τ
−1
D (SS
log(X,U, χ)).
Proof. It is sufficient to prove SS(j!F) ⊂ τ
−1
D (SS
log(X,U, χ)). We first reduce the proof to
the case where χ is of order a power of p. Since j is affine, the singular support SS(j!F) of
j!F is stable under the replacement of χ by the p-part of χ by [SY, Theorem 0.1] and Lemma
1.7. Since SS log(X,U, χ) is stable under the same replacement, we may assume that χ is of
order a power of p. Then F is unramified along DT,χ, where DT,χ =
⋃
i∈IT,χ
Di and IT,χ is as
in Definition 2.4.
Let h : W → X be a separated τ−1D (SS
log(X,U, χ))-transversal morphism of smooth
schemes over k. Since CD ⊂ τ
−1
D (SS
log(X,U, χ)) by Lemma 3.6, the morphism h is log-D-
SS log(X,U, χ)-transversal by Proposition 3.8. Hence we have Rh∗χ = h
∗Rχ and (W,h
∗U, h∗χ)
is clean by Proposition 3.10 (iii). We prove the assertion by the induction on ♯(IT,χ).
If ♯(IT,χ) = 0, then F is totally wildly ramified alongD and hence the canonical morphism
j!F → Rj∗F is an isomorphism by Proposition 2.32. Since F is totally wildly ramified along
D andRh∗χ = h
∗Rχ, the sheaf h
∗F is totally wildly ramified along h∗D. Since (W,h∗U, h∗χ) is
clean and h∗F is totally wildly ramified along h∗D, the canonical morphism j′!h
∗F → Rj′∗h
∗F
is an isomorphism by Proposition 2.32. Here j′ : h∗U → W is the base change of j by h.
Hence the morphism h is j!F -transversal by Lemma 1.12. Since T
∗
XX ⊂ τ
−1
D (SS
log(X,U, χ)),
the sheaf j!F is micro-supported on τ
−1
D (SS
log(X,U, χ)) by Proposition 1.13.
Suppose ♯(IT,χ) ≥ 1. Let r be an element of IT,χ. We put E =
⋃
i∈I\{r}Di, V = X − E,
and V ′ = X −Dr. We consider the cartesian diagram
U
j′2

j′1 // V
j2

V ′
j1
// X,
where every morphism is the open immersion. Let F ′ be a smooth sheaf of Λ-modules of
rank 1 on V such that F ′|U = F and let χ
′ : πab1 (V ) → Λ
× be the character corresponding
to F ′ regarded as an element of H1e´t(V,Q/Z) by the inclusion ψ : Λ
× → Q/Z. Then χ ∈
H1e´t(U,Q/Z) is the image of χ
′. Since (X, V, χ′) is clean by Lemma 2.26 (i), the sheaf j2!F
′
is micro-supported on τ−1E (SS
log(X, V, χ′)) by the induction hypothesis.
We consider the cartesian diagram
Dr ∩ V

j′′2 // Dr
i1

h∗Droo

V
j2
//X W.
h
oo
Since (X,U, χ) is clean, the closed immersion i1 is log-E-SS
log(X, V, χ′)-transversal and
we have i◦1SS
log(X, V, χ′) = SS log(Dr, i
∗
1V, i
∗
1χ
′) by Lemma 3.11 (ii). Since i1 is log-E-
SS log(X, V, χ′)-transversal, we have Ri∗1χ′ = i
∗
1Rχ′ and (Dr, i
∗
1V, i
∗
1χ
′) is clean by Proposition
3.10 (iii). Hence the sheaf j′′2!i
∗
1F
′ ≃ i∗1j2!F
′ is micro-supported on τ−1i∗1E(SS
log(Dr, i
∗
1V, i
∗
1χ
′))
by the induction hypothesis. Since i1 is a closed immersion, the sheaf i1∗i
∗
1j2!F
′ is micro-
supported on i1◦τ
−1
i∗1E
(SS log(Dr, i
∗
1V, i
∗
1χ
′)) by [Be, Lemma 2.2 (ii)]. Hence the sheaf j1!j
∗
1j2!F
′ ≃
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j!F is micro-supported on C
′ = τ−1E (SS
log(X, V, χ′))∪ i1◦τ
−1
i∗1E
(SS log(Dr, i
∗
1V, i
∗
1χ
′)) by Lemma
1.3.
We prove τ−1D (SS
log(X,U, χ)) = C ′. Since (X,U, χ) is assumed to be clean, we have
τ−1D (SS
log(X,U, χ)) = τ−1E (SS
log(X, V, χ′)) ∪ τ−1E (i1◦SS
log(Dr, i
∗
1V, i
∗
1χ
′)) by Lemma 3.11 (ii).
We consider the commutative diagram
T ∗X
τE

T ∗X ×X Dr
pr1oo di1 //
τE,Dr

T ∗Dr
τi∗
1
E

T ∗X(logE) T ∗X(logE)×X Drpr1
oo
diE1
// T ∗Dr(log i
∗
1E).
Since the left square is cartesian and the right square is commutative, we have τ−1E (i1◦SS
log(Dr, i
∗
1V, i
∗
1χ
′)) =
i1◦τ
−1
i∗1E
(SS log(Dr, i
∗
1V, i
∗
1χ
′)). Hence the assertion holds.
Conjecture 3.13. Let τ !D : CH2(SS
log(X,U, χ)) → CH2(τ
−1
D (SS
log(X,U, χ))) is the Gysin
homomorphism for the l.c.i. morphism τD : T
∗X → T ∗X(logD) ([Ful, 6.6]). If (X,U, χ) is
clean, then we have
CC(j!F) = τ
!
D(Char
log(X,U, χ))
in CHd(τ
−1
D (SS
log(X,U, χ))).
We prove Conjecture 3.13 in the case where X is purely of dimension 2 in Corollary 6.2
later.
Lemma 3.14. Assume that (X,U, χ) is strongly clean.
(i) τ−1D (SS
log(X,U, χ)) =
⋃
I′⊂I T
∗
DI′
X.
(ii) Let τ !D : CH2(SS
log(X,U, χ))→ CH2(τ
−1
D (SS
log(X,U, χ))) is the Gysin homomorphism
for the l.c.i. morphism τD : T
∗X → T ∗X(logD) ([Ful, 6.6]). Then τ !D(Char
log(X,U, χ))
is defined as a d-cycle and we have
τ !D(Char
log(X,U, χ)) = (−1)d
∑
I′⊂I
(1 +
∑
i∈I′
sw(χ|Ki))[T
∗
DI′
X ].
Proof. Let x be a closed point of X . Since the assertions are local, it is sufficient to prove
the assertions in a neighborhood of x. We may assume I = Ix.
If x /∈ Zχ, then the assertions hold by Lemma 3.6.
Suppose x ∈ Zχ. We use the notation as in (2.21) and the proof of Lemma 3.6. Let I and
J be the defining ideal sheaves of L1,χ ⊂ T
∗X(logD) ×X D1 and τ
−1
D (L1,χ) ⊂ T
∗X ×X D1
respectively. Since α1 is invertible in OD1,x, we have
Ix = (α2∂/(∂ log t1)− α1∂/(∂ log t2), . . . , αr∂/(∂ log t1)− α1∂/(∂ log tr),
βr+1∂/(∂ log t1)− α1∂/∂tr+1, . . . , βd∂/(∂ log t1)− α1∂/∂td).
Hence we have
Jx = (t2∂/∂t2, . . . , tr∂/∂tr , ∂/∂tr+1, . . . , ∂/∂td),
which implies τ−1D (L1,χ) =
⋃
1∈I′⊂I T
∗
DI′
X and τ !D([L1,χ]) =
∑
1∈I′⊂I [T
∗
DI′
X ]. Similarly as the
case where i = 1, we have τ−1D (Li,χ) =
⋃
i∈I′⊂I T
∗
DI′
X and τ !D([Li,χ]) =
∑
i∈I′⊂I [T
∗
DI′
X ] for
i ∈ I. Hence the assertions hold by Lemma 3.6.
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4 Canonical lifting of logarithmic characteristic cycle
Let X be a smooth scheme purely of dimension d over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I the irreducible
components of D. Let OKi = OˆX,pi be the completion of the local ring at the generic point pi
of Di and Ki = FracOKi the local field at pi for i ∈ I. We put U = X−D and let j : U → X
be the open immersion. We note that j is an affine open immersion. Let F be a smooth
sheaf of Λ-modules of rank 1 on U and let χ : πab1 (U) → Λ
× be the character corresponding
to F . We fix an inclusion ψ : Λ× → Q/Z and regard χ as an element of H1e´t(U,Q/Z) by ψ.
For the subsets II,χ and III,χ of I (the remark after Lemma 2.21), we put ZI,χ =
⋃
i∈II,χ
Di
and ZII,χ =
⋃
i∈III,χ
Di. Let L
′
i,χ, L
′′
i,χ, [L
′
i,χ], and r
′
i be as in the end of Subsection 2.1 for
i ∈ I. For a closed point x of D, we put Ix = {1, . . . , r} and IW,χ,x = {1, . . . , r
′} (Definition
2.4), where r′ ≤ r ≤ d. Let (t1, . . . , td) be a local coordinate system at x such that ti is a
local equation of Di for i ∈ Ix.
Assume d = 2. We construct a canonical lifting CharK(X,U, χ) ∈ Z2(T
∗X) of Kato’s
logarithmic characteristic cycle using ramification theory (Theorem 4.2). For a closed point
x of D, we put
tx = ♯(Ix)− 1 + sx +
∑
i∈IW,χ,x
sw(χ|Ki)(ord
′(χ; x,Di)− ord(χ; x,Di))(4.1)
+
∑
i∈III,χ,x
(ord(χ; x,Di) + 1− ♯(Ix)),
where ord(χ; x,Di) is as in Definition 2.5 (ii), ord
′(χ; x,Di) is as in Definition 2.17 (ii), and
sx is as in (3.4). We define a 2-cycle Char
K(X,U, χ) on T ∗X by
(4.2) CharK(X,U, χ) = [T ∗XX ] +
∑
i∈I
r′i[L
′
i,χ] +
∑
x∈|D|
tx[T
∗
xX ],
where |D| is the set of closed points of D. Since the Swan conductor, the total dimension,
and the characteristic form are defined e´tale locally, we have
h∗ CharK(X,U, χ) = CharK(W,h∗U, h∗χ)
for an e´tale morphism h : W → X . The 2-cycle CharK(X,U, χ) is compatible with the
pull-back by the projection Xk¯ → X . Since the Swan conductor, the total dimension, and
the characteristic form are stable under the replacement of χ by the p-part of χ, the 2-
cycle CharK(X,U, χ) is stable under the replacement of χ by the p-part of χ. We write
SSK(X,U, χ) for the support of CharK(X,U, χ).
Proposition 4.1. Assume d = 2. Let x be a closed point of D and assume that (X,U, χ) is
clean at x.
(i) If (X,U, χ) is non-degenerate at x, then we have CC(j!F) = Char
K(X,U, χ) in a
neighborhood of x.
(ii) If ♯(IT,χ,x) = ♯(IW,χ,x) = 1, then we have CC(j!F) = Char
K(X,U, χ) in a neighborhood
of x.
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Proof. Since the first two terms in the right hand sides in (2.17) and (4.2) are equal, it is
sufficient to prove that ux in (2.17) and tx in (4.2) are equal.
(i) Since (X,U, χ) is assumed to be non-degenerate at x, we have Ix = IT,χ,x or Ix = IW,χ,x
by Lemma 2.22 (i). Since (X,U, χ) is assumed to be clean and non-degenerate at x, we have
sx = 0 and ord
′(χ; x,Di) = ord(χ; x,Di) = 0 for every i ∈ IW,χ,x in (4.1). Hence, if Ix = IT,χ,x,
then we have tx = ♯(Ix)− 1 by (4.1). If Ix = IW,χ,x, then we have tx = 0 by Lemma 2.24 (i)
and (ii) and (4.1), since d = 2. Hence we have tx = ux by [S5, Theorem 7.14].
(ii) Since CC(j!F) is stable under the replacement of χ by the p-part of χ by [SY, Theorem
0.1] and so is CharK(X,U, χ), we may assume that χ is of order ps for an integer s ≥ 0. Since
the assertion is local, we may assume I = Ix. We put IW,χ = {1} and IT,χ = {2}. Then F is
unramified along D2.
We put V = X −D1 and V
′ = X −D2. We consider the cartesian diagram
U
j′1 //
j′2

V
j2

V ∩D2
i′1oo
j′′2

V ′
j1
// X D2i1
oo
where i1 and i
′
1 are closed immersions and the others are open immersions. Let F
′ be a
smooth sheaf of Λ-modules of rank 1 on V such that F ′|U = F and let χ
′ : πab1 (V ) → Λ
×
be the character corresponding to F ′. We regard χ′ as an element of H1e´t(V,Q/Z) by ψ.
Then we note that Rχ = Rχ′ and R
′
χ = R
′
χ′ . Since (X,U, χ) is assumed to be clean at x and
♯(Ix) = 2, we have IW,χ = II,χ by Lemma 2.24 (i). Since Rχ = Rχ′ and R
′
χ = R
′
χ′ , we have
IW,χ′ = II,χ′ . By [S5, Lemma 5.13.1], we have
(4.3) CC(j!F) = CC(j1!j
∗
1j2!F
′) = CC(j2!F
′)− CC(i1∗i
∗
1j2!F
′).
Since (X,U, χ) is assumed to be clean at x, the triple (X, V, χ′) is clean at x by Lemma
2.26 (i) and (X, V, χ′) is non-degenerate at x by Lemma 2.26 (ii). By (i), we have
(4.4) CC(j2!F
′) = CharK(X, V, χ′) = [T ∗XX ] + dt(χ
′|K1)[L
′
1,χ′ ]
in a neighborhood of x.
Since (X,U, χ) is assumed to be clean at x, the closed immersion i1 is log-D1-SS
log(X, V, χ′)-
transversal in a neighborhood of x by Lemma 3.11 (ii). Since IW,χ′ = II,χ′ = {1}, we have
L′1,χ′ = T
∗
D1
X by Lemma 2.22 (ii). Hence we have
(4.5) SSK(X, V, χ′) = T ∗XX ∪ T
∗
D1X = CD1
by (4.4). By Proposition 3.8, the closed immersion i1 is SS
K(X, V, χ′)-transversal. Since j
is an affine open immersion, we have SS(j2!F
′) = SSK(X, V, χ′) in a neighborhood of x by
Lemma 1.7 and (4.4). Since i∗1SS
K(X, V, χ′) is purely of dimension 1 in a neighborhood of
x by (4.5), the closed immersion i1 is properly SS(j2!F
′)-transversal in a neighborhood of x.
Hence we have
(4.6) CC(i∗1j2!F
′) = i!1CC(j2!F
′) = −([T ∗D2D2] + dt(χ
′|K1)[T
∗
xD2])
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in a neighborhood of x by Theorem 1.10. Since i1 is a closed immersion of smooth schemes
over k, we have
(4.7) CC(i1∗i
∗
1j2!F
′) = −([T ∗D2X ] + dt(χ
′|K1)[T
∗
xX ])
in a neighborhood of x by (4.6) and [S5, Lemma 5.13.2]. Hence we have
CC(j!F) = [T
∗
XX ] + dt(χ
′|K1)[T
∗
D1X ] + [T
∗
D2X ] + dt(χ
′|K1)[T
∗
xX ]
by (4.3), (4.4), and (4.7).
Since dt(χ|K1) = dt(χ
′|K1) and IW,χ = II,χ = {1}, it is sufficient to prove tx = dt(χ|K1) by
Lemma 2.22 (ii). Since (X,U, χ) is assumed to be clean, we have sx = 0 and ord(χ; x,D1) = 0
in (4.1). Since IW,χ = II,χ = {1} and ♯(I) = 2, we have ord
′(χ; x,D1) = 1 by Lemma 2.23
and Lemma 2.24 (iv). Hence we have tx = 1 + sw(χ|K1) = dt(χ|K1) by (4.1).
Theorem 4.2. Assume d = 2.
(i) SSK(X,U, χ) ⊂ τ−1D (SS
log(X,U, χ)).
(ii) Let τ !D : CH2(SS
log(X,U, χ)) → CH2(τ
−1
D (SS
log(X,U, χ))) be the Gysin homomor-
phism for the l.c.i. morphism τD : T
∗X → T ∗X(logD) ([Ful, 6.6]). Then we have
CharK(X,U, χ) = τ !D(Char
log(X,U, χ))
in CH2(τ
−1
D (SS
log(X,U, χ))).
We prepare some lemmas to prove of Theorem 4.2.
Lemma 4.3. Assume d = 2. Let i be an element of IW,χ.
(i) If i ∈ II,χ, then τ
−1
D (Li,χ) is the union of L
′
i,χ and T
∗
xX for x ∈ ZII,χ ∩ Di such that
ord′(χ; x,Di) − ord(χ; x,Di) + 1 6= 0 and for closed points x of Di \ (ZII,χ ∩ Di) such
that ord′(χ; x,Di)− ord(χ; x,Di) 6= 0. Further we have
τ !D([Li,χ]) = [L
′
i,χ] +
∑
x∈|Di|
(ord′(χ; x,Di)− ord(χ; x,Di))[T
∗
xX ] +
∑
x∈ZII,χ∩Di
[T ∗xX ],
where τ !D : CH2(Li,χ) → CH2(τ
−1
D (Li,χ)) is the Gysin homomorphism for the l.c.i.
morphism τD : T
∗X → T ∗X(logD) ([Ful, 6.6]).
(ii) If i ∈ III,χ, then τ
−1
D (Li,χ) = T
∗X ×X Di.
Proof. We may assume i = 1. Let x be a closed point of D1. Let I and J be the defining
ideal sheaves of L1,χ ⊂ T
∗X(logD)×X D1 and τ
−1
D (L1,χ) ⊂ T
∗X ×X D1 respectively.
We use the notation as in (2.21) and the proof of Lemma 3.6. Then we have
Ix =
{
(t
− ord(χ;x,D1)
2 (β2∂/(∂ log t1)− α1∂/∂t2)) (♯(Ix) = 1),
(t
− ord(χ;x,D1)
2 (α2∂/(∂ log t1)− α1∂/(∂ log t2))) (♯(Ix) = 2).
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Therefore we have
Jx =
{
(t
− ord(χ;x,D1)
2 α1∂/∂t2) (♯(Ix) = 1),
(t
− ord(χ;x,D1)
2 α1t2∂/∂t2) (♯(Ix) = 2).
(i) Let n be the normalized valuation of α1 in OD1,x. Then we have ord
′(χ; x,D1) =
n+ ♯(II,χ,x ∪ IT,χ,x)− 1 by Lemma 2.23. Hence we have
(4.8) Jx =
{
(t
ord′(χ;x,D1)−ord(χ;x,D1)+1
2 ∂/∂t2) (x ∈ ZII,χ ∩D1),
(t
ord′(χ;x,D1)−ord(χ;x,D1)
2 ∂/∂t2) (otherwise).
Since L′1,χ = T
∗
D1
X by Lemma 2.22 (ii) and the assertions are local, the assertions hold.
(ii) Since χ|K1 is of type II, we have α1 = 0 in OD1,x by (2.22). Hence Jx = (0). Since
the assertion is local, the assertion holds.
For i ∈ I, let pi : τ
−1
D (Li,χ) → Di be the canonical projection. We note that τ
−1
D (Li,χ) =
T ∗X ×X Di for i ∈ III,χ by Lemma 4.3 (ii).
Lemma 4.4. Assume d = 2. Let i be an element of III,χ. Let τ
!
D : CH2(T
∗X(logD) ×X
Di) → CH2(T
∗X ×X Di) be the Gysin homomorphism for the l.c.i. morphism τD : T
∗X →
T ∗X(logD) ([Ful, 6.6]). Then we have
τ !D([Li,χ]) = p
∗
i (c1(T
∗X(logD)×XDi)∩[Di]−c1(OX(−Rχ)|Di)∩[Di]−
∑
x∈|Di|
ord(χ; x,Di)[{x}])
in CH2(τ
−1
D (Li,χ)) = CH2(T
∗X ×X Di).
Proof. Let qi : T
∗X(logD)×XDi → Di be the canonical projection. By the excess intersection
formula and the Whitney sum formula, we have
[Li,χ] = q
∗
i (c1(T
∗X(logD)×X Di) ∩ [Di]− c1(Li,χ) ∩ [Di])
in CH2(T
∗X(logD)×X Di). Hence we have
τ !D([Li,χ]) = p
∗
i (c1(T
∗X(logD)×X Di) ∩ [Di]− c1(Li,χ) ∩ [Di])
in CH2(T
∗X ×X Di). Since Li,χ is the sub line bundle of T
∗X(logD)×X Di defined by the
image of the injection
OX(−Rχ)⊗OX ODi(
∑
x∈|Di|
ord(χ; x,Di)x|Di)
×rsw(χ)|Di−−−−−−→ Ω1X(logD)|Di
defined by the multiplication by rsw(χ)|Di, the assertion holds.
Let |D|′ and |Di|
′ for i ∈ I be the sets of closed points x of D and Di such that ♯(Ix) =
d = 2 respectively.
Lemma 4.5. Assume d = 2. Let i be an element of III,χ.
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(i) If χ|Ki is of usual type, then we have
[L′i,χ] = p
∗
i (c1(T
∗X ×X Di) ∩ [Di]− c1(OX(−R
′
χ)|Di) ∩ [Di]−
∑
x∈|Di|
ord′(χ; x,Di)[{x}])
in CH2(τ
−1
D (Li,χ)) = CH2(T
∗X ×X Di).
(ii) If χ|Ki is of exceptional type, then we have
[L′i,χ] = 2p
∗
i (c1(T
∗X ×X Di) ∩ [Di]− c1(OX(−R
′
χ)|Di) ∩ [Di]−
∑
x∈|Di|
ord′(χ; x,Di)[{x}])
in CH2(τ
−1
D (Li,χ)) = CH2(T
∗X ×X Di).
(iii) We have
[T ∗DiX ] = p
∗
i (c1(OX(−Rχ)|Di) ∩ [Di] +
∑
x∈|Di|
ord(χ; x,Di)[{x}]−
∑
x∈|Di|′
[{x}])
in CH2(τ
−1
D (Li,χ)) = CH2(T
∗X ×X Di).
Proof. (i) By the excess intersection formula and the Whitney sum formula, we have
[L′i,χ] = p
∗
i (c1(T
∗X ×X Di) ∩ [Di]− c1(L
′
i,χ) ∩ [Di])
in CH2(T
∗X ×X Di). Since the sub line bundle L
′
i,χ of T
∗X ×X Di is defined by the image
of the injection
OX(−R
′
χ)⊗OX ODi(
∑
x∈|Di|
ord′(χ; x,Di)x|Di)
× char(χ)|
D
1/p
i−−−−−−−−→ Ω1X |Di
defined by the multiplication by char(χ)|
D
1/p
i
, where char(χ)|
D
1/p
i
is regarded as a global
section of Ω1X(R
′
χ)|Di, the assertion holds.
(ii) We note that if χ|Ki is of exceptional type then we have p = 2. Let p
′
i : T
∗X×XD
1/2
i →
D
1/2
i be the canonical projection. Similarly as in the proof of (i), we have
[L′′i,χ] = p
′
i
∗
(c1(T
∗X ×X D
1/2
i ) ∩ [D
1/2
i ]− c1(L
′′
i,χ) ∩ [D
1/2
i ]).
Since L′′i,χ is the sub line bundle of T
∗X ×X D
1/2 defined by the image of the injection
OX(−R
′
χ)⊗OX OD1/2i
(
∑
x′∈|D
1/2
i |
2 ord′(χ; x,Di)x
′|
D
1/2
i
)
× char(χ)|
D
1/2
i−−−−−−−−→ Ω1X ⊗OX OD1/2i
defined by the multiplication by char(χ)|
D
1/2
i
, we have
[L′′i,χ] = p
′∗
i (c1(T
∗X ×X D
1/2
i ) ∩ [D
1/2
i ]
− c1(OX(−R
′
χ)⊗OX OD1/2i
) ∩ [D
1/2
i ]−
∑
x′∈|D
1/2
i |
2 ord′(χ; x,Di)[{x
′}]),
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where x is the image of x′ in Di for x
′ ∈ |D
1/2
i |. We consider the cartesian diagram
T ∗X ×X D
1/2
i
F ′i //
p′i

T ∗X ×X Di
pi

D
1/2
i Fi
// Di.
Since [L′i,χ] = F
′
i∗[L
′′
i,χ] and F
′
i∗p
′∗
i [A] = p
∗
iFi∗[A] in CH2(T
∗X ×X Di) for [A] ∈ CH0(D
1/2
i ) by
the base change formula, the assertion holds.
(iii) Since the sequence 0→ T ∗DiX → T
∗X ×X Di → T
∗Di → 0 is exact, we have
[T ∗DiX ] = p
∗
1(c1(T
∗Di) ∩ [Di])
in CH2(T
∗X ×X Di) by the excess intersection formula. We consider the sequence
0→ OX(−Rχ)⊗OX ODi(
∑
x∈|Di|
ord(χ; x,Di)x|Di)
×rsw(χ)|Di−−−−−−→ Ω1X(logD)|Di
resi−−→ ODi → 0.
Since d = 2 and i ∈ III,χ, the sequence is exact by (2.22). Since the image of the second entry
by the multiplication by rsw(χ)|Di is isomorphic to Ω
1
Di
(log
⋃
|Di|
′), we have
c1(OX(−Rχ)|Di) ∩ [Di] +
∑
x∈|Di|
ord(χ; x,Di)[{x}]
= c1(T
∗Di(log
⋃
|Di|
′)) ∩ [Di]
= c1(T
∗Di) ∩ [Di] + c1(ODi(
⋃
|Di|
′)) ∩ [Di]
in CH0(Di). Hence the assertion holds.
Proof of Theorem 4.2. (i) We note that SS log(X,U, χ) is the union of T ∗XX(logD), Li,χ for
i ∈ IW,χ, and T
∗
xX(logD) for x ∈ |D| such that sx 6= 0 by (3.4). Since L
′
i,χ = T
∗
Di
X
for i ∈ IT,χ and τ
−1
D (T
∗
XX(logD)) = CD by Lemma 3.6, it is sufficient to prove T
∗
xX ⊂
τ−1D (SS
log(X,U, χ)) for x ∈ |D| − (|D|′ ∪ |ZII,χ|) such that sx = 0 and tx 6= 0 by Lemma 4.3.
Let x be an element of |D| − (|D|′ ∪ |ZII,χ|). If x ∈ DT,χ, then sx = 0 and tx = 0 by (4.1),
since (X,U, χ) is clean at x and ♯(Ix) = 1. Hence we may assume x ∈ ZI,χ and Ix = {1}.
Suppose that sx = 0. Then we have tx = sw(χ|K1)(ord
′(χ; x,D1) − ord(χ; x,D1)) by (4.1).
Since sw(χ|K1) > 0, we have T
∗
xX ⊂ τ
−1
D (SS
log(X,U, χ)) if tx 6= 0 by Lemma 4.3 (i). Hence
the assertion holds.
(ii) Let i be an element of II,χ. By Lemma 4.3 (i), we have
τ !D([Li,χ]) = [L
′
i,χ] +
∑
x∈|Di|
(ord′(χ; x,Di)− ord(χ; x,Di))[T
∗
xX ] + p
∗
i (c1(OX(ZII,χ)|Di) ∩ [Di])
in CH2(τ
−1
D (Li,χ)).
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Let i be an element of III,χ. Then we have τ
−1
D (Li,χ) = T
∗X ×X Di by Lemma 4.3 (ii). By
Lemma 4.4 and Lemma 4.5 (i) and (ii), we have
τ !D([Li,χ]) = [L
′
i,χ] + p
∗
i (c1(OX(D)|Di) ∩ [Di]
− c1(OX(D − ZII,χ)|Di) ∩ [Di] +
∑
x∈|Di|
(ord′(χ; x,Di)− ord(χ; x,Di))[{x}])
= [L′i,χ] + p
∗
i (c1(OX(ZII,χ)|Di) ∩ [Di] +
∑
x∈|Di|
(ord′(χ; x,Di)− ord(χ; x,Di))[{x}])
in CH2(τ
−1
D (Li,χ)) if χ|Ki is of usual type and
2τ !D([Li,χ]) = [L
′
i,χ] + 2p
∗
i (c1(OX(D)|Di) ∩ [Di]
− c1(OX(D − ZII,χ)|Di) ∩ [Di] +
∑
x∈|Di|
(ord′(χ; x,Di)− ord(χ; x,Di))[{x}])
= [L′i,χ] + 2p
∗
i (c1(OX(ZII,χ)|Di) ∩ [Di] +
∑
x∈|Di|
(ord′(χ; x,Di)− ord(χ; x,Di))[{x}])
in CH2(τ
−1
D (Li,χ)) if χ|Ki is of exceptional type.
By Lemma 2.22 (ii), Lemma 3.6, and the above computation of τ !D([Li,χ]) for i ∈ IW,χ,
we have
τ !D(Char
log(X,U, χ))− CharK(X,U, χ)
(4.9)
=
∑
i∈III,χ
[T ∗DiX ] +
∑
x∈|D|′
[T ∗xX ] +
∑
x∈|D|
sx[T
∗
xX ] +
∑
i∈IW,χ
sw(χ|Ki)p
∗
i (c1(OX(ZII,χ)|Di) ∩ [Di])
+
∑
x∈|D|
∑
i∈IW,χ,x
sw(χ|Ki)(ord
′(χ; x,Di)− ord(χ; x,Di))[T
∗
xX ]−
∑
x∈|D|
tx[T
∗
xX ].
Since we have∑
i∈IW,χ
sw(χ|Ki)p
∗
i (c1(OX(ZII,χ)|Di) ∩ [Di]) =
∑
i∈III,χ
p∗i (c1(OX(Rχ)|Di) ∩ [Di])
in CH2(τ
−1
D (SS
log(X,U, χ))), the difference (4.9) is 0 by (4.1) and Lemma 4.5 (iii).
Corollary 4.6 (Index formula). Assume d = 2. If X is proper over an algebraically closed
field, then we have
χ(X, j!F) = (Char
K(X,U, χ), T ∗XX)T ∗X .
Proof. The assertion follows from Theorem 3.4 and Theorem 4.2 (ii).
5 Homotopy invariance of characteristic cycle
Let X be a smooth scheme purely of dimension d over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I the irreducible
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components of D. Let Ki be the local field at the generic point of Di for i ∈ I and let |D| be
the set of closed points of D. We put U = X −D and let j : U → X be the open immersion.
Let F0 and F1 be smooth sheaves of Λ-modules of rank 1 on U and let χi : π
ab
1 (U)→ Λ
× be
the character corresponding to Fi for i = 0, 1. We fix an inclusion ψ : Λ
× → Q/Z and regard
χi as an element of H
1
e´t(U,Q/Z) by ψ for i = 0, 1.
Proposition 5.1. Assume d = 2 and that (X,U, χi) for i = 0, 1 are clean. If Char
K(X,U, χ0) =
CharK(X,U, χ1), then we have
(5.1) CC(j!F0) = CC(j!F1).
We note that we have Rχ0 = Rχ1 and R
′
χ0
= R′χ1 by Lemma 2.22 (ii) and (2.17) if
CharK(X,U, χ0) = Char
K(X,U, χ1).
The following corollary holds immediately by using Lemma 2.22 (ii), (4.1), (4.2), and
Proposition 5.1:
Corollary 5.2. Assume d = 2 and that (X,U, χi) for i = 0, 1 are clean. If IW,χ0 = II,χ0 =
IW,χ1 = II,χ1, Rχ0 = Rχ1, and if ord
′(χ0; x,Di′) = ord
′(χ1; x,Di′) for every closed point x of
Zχ0 = Zχ1 and i
′ ∈ IW,χ0,x = IW,χ1,x, then we have
CharK(X,U, χ0) = Char
K(X,U, χ1)
and
CC(j!F0) = CC(j!F1).
We consider X˜ = X ×k A
1
k. We put D˜ = D ×k A
1
k ⊂ X˜ and D˜i = Di ×k A
1
k for i ∈ I.
Then D˜ is a divisor on X˜ with simple normal crossings whose irreducible components are
{D˜i}i∈I . Let U˜ = U ×k A
1
k ⊂ X˜ be the complement of D˜ in X˜ and j˜ : U˜ → X˜ the open
immersion. Let Xi be the closed subscheme X ×k {i} ⊂ X˜ for i = 0, 1 and let hi : X → X˜
be the composition of the inverse of the projection pr1 : Xi → X and the closed immersion
Xi → X˜ for i = 0, 1. Let p˜ : X˜ → X be the projection.
Lemma 5.3. Let V˜ be an open subscheme of X˜ containing X0∪X1. Let G be a constructible
complex of Λ-modules on V˜ and let C ⊂ T ∗X be a closed conical subset purely of dimension
d. We regard T ∗X ×k A
1
k as a subbundle of T
∗X˜ by the injection dp˜ : T ∗X ×k A
1
k → T
∗X˜.
Assume that SS(G|V˜ ) ⊂ T
∗V˜ is contained in C ×k A
1
k.
(i) hi is properly SS(G|V˜ )-transversal for i = 0, 1.
(ii) CC(h∗0G) = CC(h
∗
1G).
Proof. We note that SS(G|V˜ ) is purely of dimension d + 1 by [Be, Theorem 1.3]. Since the
projection p˜ : X˜ → X is smooth, the projection p˜ is C-transversal and p˜◦C = C×kA
1
k by [S5,
Lemma 3.4.1]. Since the morphism hi is a section of p˜ for i = 0, 1 and the identity morphism
idX : X → X is C-transversal, the morphism hi is p˜
◦C-transversal for i = 0, 1 by [S5, Lemma
3.4.3]. Let {Ca}a be the irreducible components of C. Then {Ca×kA
1
k}a are the irreducible
components of p˜◦C = C ×k A
1
k. Since SS(G|V˜ ) ⊂ p˜
◦C = C ×k A
1
k and SS(G|V˜ ) is purely of
dimension d+ 1, the pull-back h∗iSS(G|V˜ ) is of dimension d for i = 0, 1. Hence the assertion
(i) holds.
Since SS(G|V˜ ) is a union of irreducible components of p˜
◦C = C×kA
1
k and h
∗
i (Ca×kA
1
k) =
Ca for a and i = 0, 1, the assertion (ii) holds by (i) and Theorem 1.10.
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Let s ≥ 0 be an integer such that the orders of the p-parts of χ0 and χ1 are ≤ p
s. After
shrinking X if necessary, we take global sections a = (as−1, . . . , a0) and a
′ = (a′s−1, . . . , a
′
0) of
filRχ0 j∗Ws(OU) and filRχ1 j∗Ws(OU) whose images in H
1
e´t(U,Q/Z) are the p-parts of χ0 and
χ1 respectively (see the remark after Definition 2.19) and we assume that X = SpecA is
affine. We put X˜ = X ×k A
1
k = SpecA[T ]. We define a global section b of j˜∗Ws(OU˜) by
(5.2) b = (as−1(1−T )
p, . . . , ai(1−T )
ps−i, . . . , a0(1−T )
ps)+(a′s−1T
p, . . . , a′iT
ps−i, . . . , a′0T
ps).
Let G be the smooth sheaf of Λ-modules of rank 1 on U˜ defined by the Artin-Schreier-Witt
equation (F − 1)(t) = b. Then we have h∗iG = Fi for i = 0, 1. Let ϕ : π
ab
1 (U˜) → Λ
× be the
character corresponding to G and regard ϕ as an element of H1e´t(U˜ ,Q/Z) by ψ. Let K˜i be
the local field at the generic point of D˜i for i ∈ I.
Lemma 5.4. Let i be an element of I and assume sw(χ0|Ki) = sw(χ1|Ki). Then we have
sw(ϕ|K˜i) = sw(χ0|Ki).
Proof. By [K1, Theorem (9.1)], we have sw(ϕ|K˜i) ≥ sw(χ0|Ki). Since b|K˜i ∈ filniWs(K˜i),
where ni = sw(χ0|Ki), we have sw(ϕ|K˜i) ≤ sw(χ0|Ki). Hence the assertion holds.
Lemma 5.5. Assume sw(χ0|Ki′ ) = sw(χ1|Ki′ ) for every i
′ ∈ I (then Rϕ = Rχi ×k A
1
k for
i = 0, 1 by Lemma 5.4). Then rsw(ϕ) is the image of −(F s−1da)(1− T )p
s
− (F s−1da′)T p
s
in
Γ(Zϕ,Ω
1
X˜
(log D˜)(Rϕ)|Zϕ). Consequently, we have rsw(ϕ) = rsw(χ0)(1−T )
ps+rsw(χ1)T
ps and
dhD˜i (h
∗
i rsw(ϕ)) = rsw(χi) for i = 0, 1, where dh
D˜
i : (h
∗
iΩ
1
X˜
(log D˜)(Rϕ))|Zχi → Ω
1
X(logD)(Rχi)|Zχi
is the morphism yielded by hi for i = 0, 1.
Proof. We put ni′ = sw(ϕ|K˜i′ ) = sw(χ0|Ki′ ) = sw(χ1|Ki′ ) for i
′ ∈ I. In grni′Ω
1
K˜i′
for i′ ∈
IW,ϕ = IW,χ0 = IW,χ1, we have
−F s−1db = −
s−1∑
i=0
(ai(1− T )
ps−i)p
i−1d(ai(1− T )
ps−i)−
s−1∑
i=0
(a′iT
ps−i)p
i−1d(a′iT
ps−i)
= −(1− T )p
s
s−1∑
i=0
ai
pi−1dai − T
ps
s−1∑
i=0
a′p
i−1
i da
′
i.
Hence the assertion holds.
Lemma 5.6. Assume sw(χ0|Ki′ ) = sw(χ1|Ki′ ) for every i
′ ∈ I and that (X,U, χi) for i = 0, 1
are clean. Then the largest open subsheme of X˜ where (X˜, U˜ , ϕ) is clean contains X0 ∪X1.
Proof. Since the set of points on X˜ where (X˜, U˜ , ϕ) is clean is open in X˜ by Lemma 2.6
(ii), it is sufficient to prove that (X˜, U˜ , ϕ) is clean at x0 = x ×k {0} and x1 = x ×k {1}
for every closed point x of Zχ0 = Zχ1. By Lemma 5.5, the image of (h
∗
i rsw(ϕ))x by the
morphism dhD˜ix : Ω
1
X˜
(log D˜)(Rϕ)xi ⊗OX˜,xi
k(x) → Ω1X(logD)(Rχi)x ⊗OX,x k(x) induced by hi
is rsw(χi)x for i = 0, 1. By the assumption that (X,U, χi) for i = 0, 1 are clean, we have
rsw(χi)x 6= 0 in Ω
1
X(logD)(Rχi)x ⊗OX,x k(x) for i = 0, 1. Hence we have rsw(ϕ)xi 6= 0 in
Ω1
X˜
(log D˜)(Rϕ)xi ⊗OX˜,xi
k(xi) for i = 0, 1, which implies the cleanliness of (X˜, U˜ , ϕ) at xi for
i = 0, 1.
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In the rest of this section, we prove Proposition 5.1.
Lemma 5.7. Assume d = 2 and let x be a closed point of X. Let G be a smooth sheaf of
Λ-modules of rank 1 on U˜ such that h∗iG = Fi for i = 0, 1 and let ϕ : π
ab
1 (U˜) → Λ
× be the
character corresponding to G. We regard ϕ as an element of H1e´t(U˜ ,Q/Z) by ψ. Then (5.1)
holds in a neighborhood of x if G has an open subscheme V˜ of X˜ satisfying the following
conditions:
(i) V˜ contains X0 ∪X1 and (V˜ , V˜ ∩ U˜ , ϕ|V˜ ∩U˜) is clean.
(ii) (V˜ , V˜ ∩ U˜ , ϕ|V˜ ∩U˜) is strongly clean outside x˜ = {x} ×k A
1
k.
(iii) τ−1
D˜
(SS log(V˜ , V˜ ∩ U˜ , ϕ|V˜ ∩U˜)) ∩ (T
∗X˜ ×X˜ x˜) ⊂ T
∗
x˜ X˜.
Proof. We replace X˜ by V˜ . By the condition (ii) and Lemma 3.14 (i), we have
τ−1
D˜
(SS log(X˜, U˜ , ϕ)) =
⋃
I′⊂I
T ∗
D˜I′
X˜
outside x˜, where D˜I′ =
⋂
i′∈I′ D˜i′ for I
′ ⊂ I. Further by the condition (iii), we have
τ−1
D˜
(SS log(X˜, U˜ , ϕ)) ⊂
⋃
I′⊂I
T ∗
D˜I′
X˜ ∪ T ∗x˜ X˜.
Since (X˜, U˜ , ϕ) is clean by the condition (i), we have
SS(j˜!G) ⊂
⋃
I′⊂I
T ∗
D˜I′
X˜ ∪ T ∗x˜ X˜
by Theorem 3.12. Hence we have SS(j˜!G) ⊂ C ×k A
1
k for a closed conical subset C ⊂ T
∗X
purely of dimension 2. Since h∗i j˜!G = j!Fi by the assumption h
∗
iG = Fi for i = 0, 1, the
assertion holds by Lemma 5.3 (ii).
Proof of Proposition 5.1. As is seen in the remark after the statement of Proposition 5.1, we
have Rχ0 = Rχ1 and R
′
χ0
= R′χ1 . Let x be a closed point of X . Since the assertion is local,
it is sufficient to prove the equality (5.1) in a neighborhood of x. We may assume I = Ix.
We put ni′ = sw(χ0|Ki′ ) = sw(χ1|Ki′ ) and s
′
i′ = ordp(ni′) for i
′ ∈ IW,χ0 = IW,χ1 and we put
I = {1, . . . , r} and IW,χ0 = {1, . . . , r
′}, where r′ ≤ r ≤ 2. We may assume s′1 ≤ s
′
r′.
If (X,U, χi) for i = 0, 1 are non-degenerate at x, then we have CC(j!Fi) = Char
K(X,U, χi)
for i = 0, 1 by Proposition 4.1 (i). Hence the equality (5.1) holds by the assumption
CharK(X,U, χ0) = Char
K(X,U, χ1). Thus we may assume (X,U, χ0) is not non-degenerate
at x. Then we have IW,χ0 = II,χ0( 6= ∅) by Corollary 2.25.
Since the assertion is local, we may assume that X = SpecA is affine. Since CC(j!Fi) is
stable under the replacement of χi by the p-part of χi for i = 0, 1 by [SY, Theorem 0.1], we
may assume that the order of χi is a power of p for i = 0, 1. By Lemma 5.7, it is sufficient
to prove that the sheaf G on U˜ defined by (F − 1)(t) = b (5.2) has an open subscheme V˜ of
X˜ satisfying the conditions (i)–(iii) in Lemma 5.7.
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By Lemma 5.6, we may replace X˜ by the largest open subscheme of X˜ where (X˜, U˜ , ϕ)
is clean. Then, by Lemma 5.5, every open subschme V˜ of X˜ containing X0 ∪X1 satisfies the
conditions (i) and (iii) in Lemma 5.7. Hence it is sufficient to construct an open subscheme
V˜ of X˜ containing X0 ∪X1 and satisfying the condition (ii) in Lemma 5.7.
Since (X,U, χi) for i = 0, 1 are assumed to be clean and IW,χ1 = IW,χ0 = II,χ0 = II,χ1, we
have
(5.3)
∑
i′∈II,χ0
sw(χ0|Ki′ ) ord
′(χ0; x,Di′) =
∑
i′∈II,χ1
sw(χ1|Ki′ ) ord
′(χ1; x,Di′)
by (4.1) and the assumption CharK(X,U, χ0) = Char
K(X,U, χ1). Since Rχ0 = Rχ1 and
II,χ0 = II,χ1 , we have ord
′(χ0; x,D1) = ord
′(χ1; x,D1) if ♯(II,χ0) = 1. If ♯(II,χ0) = 2, then
the images of ξ1(χi) = res1 ◦ × res(χi) : OX(Rχi)|D1 → OD1 (2.6) for i = 0, 1 in k(x) are
not 0 by Corollary 2.29 and hence we have ord′(χ0; x,D1) = ord
′(χ1; x,D1) = 1 by Lemma
2.23. Since Rχ0 = Rχ1, we have ord
′(χ0; x,D2) = ord
′(χ1; x,D2) by (5.3). Hence we have
ord′(χ0; x,Di′) = ord
′(χ1; x,Di′) for every i
′ ∈ IW,χ0 even if ♯(II,χ0) = 2. We put ri′ =
ord′(χ0; x,Di′)− (♯(II,χ0 ∪ IT,χ0)− 1) for i
′ ∈ IW,χ0 . Then the image of ξi′(χi) is ODi′ (−ri′ ·x)
in a neighborhood of x for i′ ∈ IW,χi and i = 0, 1 by Lemma 2.23. Hence we may assume that
the image of ξi′(χi) is ODi′ (−ri′ · x) for i
′ ∈ IW,χi and i = 0, 1 by shrinking X if necessary.
We consider the image of ξi′(ϕ) for i
′ ∈ IW,ϕ. Let (t1, t2) be a local coordinate system
at x such that ti′ is a local equation of Di′ for i
′ ∈ IW,χ0 = IW,χ1. By Lemma 5.4, we have
IW,ϕ = IW,χ0 = IW,χ1. By shrinking X if necessary, we may assume Di′ = (ti′ = 0) and ti′ ∈ A
for i′ ∈ I. We put {i′, j′} = {1, 2} for i′ ∈ IW,ϕ. Since the image of ξi′(χi) is ODi′ (−ri′ · x)
for i′ ∈ IW,χi and i = 0, 1, by shrinking X if necessary, we have a divisor E˜i′ = (t
ri′
j′ u˜i′ = 0)
for some u˜i′ ∈ Γ(D˜i′,OD˜i′ ) such that the image of ξi′(ϕ) is OD˜i′ (−E˜i′) for i
′ ∈ IW,ϕ and that
the pul-back h∗
i,D˜i′
u˜i′ by the base change hi,D˜i′ : Di
′ → D˜i′ of hi by Di′ → X˜ is invertible in
Γ(Di′,ODi′ ) for i
′ ∈ IW,χi and i = 0, 1 by Lemma 5.5. We put V˜ =
⋂
i′∈IW,ϕ
(X˜ − (u˜i′ = 0)),
where (u˜i′ = 0) ⊂ Di′ for i
′ ∈ IW,ϕ. Then we have V˜ ⊃ X0 ∪ X1. Hence the assertion
holds.
6 Characteristic cycle and canonical lifting
6.1 Main theorem and its corollaries
Let X be a smooth scheme purely of dimension d over a perfect field k of characteristic
p > 0. Let D be a divisor on X with simple normal crossings and {Di}i∈I the irreducible
components of D. We put U = X −D and let j : U → X be the open immersion. We note
that j is an affine open immersion. Let F be a smooth sheaf of Λ-modules of rank 1 on U .
Let χ : πab1 (U) → Λ
× be the character corresponding to F and regard χ as an element of
H1e´t(U,Q/Z) by an inclusion ψ : Λ
× → Q/Z.
Theorem 6.1. Assume d = 2. Then we have
(6.1) CC(j!F) = Char
K(X,U, χ).
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We prove Theorem 6.1 in Subsection 6.2. In this section, we give and prove corollaries of
Theorem 6.1 by admitting the theorem.
Corollary 6.2. Conjecture 3.13 holds in the case where X is purely of dimension 2.
Proof. The assertion holds by Theorem 4.2 (ii) and Theorem 6.1.
Corollary 6.3. Assume d = 2. Then we have SS(j!F) = SS
K(X,U, χ).
Proof. Since j is affine, the assertion holds by Lemma 1.7 and Theorem 6.1.
Corollary 6.4 (Milnor formula). Assume d = 2. Let C ⊂ T ∗X be a closed conical subset
purely of dimension 2 containing SSK(X,U, χ). Let (h, f) be a pair of an e´tale morphism
h : W → X and a morphism f : W → Y to a smooth curve Y over k and let w ∈ W be at
most C-isolated characteristic point of f . With the notation as in Theorem 1.5, we have
− dimtotφw(h
∗j!F , f) = (h
∗ CharK(X,U, χ), df)T ∗W,w.
Proof. By Corollary 6.3, the sheaf j!F is micro-supported on C. Hence the assertion holds
by Theorem 1.5 and Theorem 6.1.
Corollary 6.5. Assume d = 2. Let f : X → Spec k be the structure morphism. We put
KX = Rf
!Λ. Let C(j!F) ∈ H
0(X,KX) be the characteristic class of j!F ([AS3, Definition
2.1.1]). Then we have
C(j!F) = (CC(j!F), T
∗
XX)T ∗X
in H4(X,Λ(2)), where the right hand side denotes the intersection product of CC(j!F) with
the zero section T ∗XX and C(j!F) is regarded as an element of H
4(X,Λ(2)) by the isomor-
phism Λ(2)[4]→ KX defined by the cycle class.
Proof. We prove the equality
(6.2) C(j!F) = (Char
K(X,U, χ), T ∗XX)T ∗X
in H4(X,Λ(2)). Then the assertion holds by Theorem 6.1.
Suppose that (X,U, χ) is clean. By [S1, Theorem 3.7], we have
C(j!F) = (Char
log(X,U, χ), T ∗XX(logD))T ∗X(logD)
inH4(X,Λ(2)). By Theorem 4.2 (ii), the right hand side is equal to (CharK(X,U, χ), T ∗XX)T ∗X
in H4(X,Λ(2)). Hence the equality (6.2) holds if (X,U, χ) is clean.
In general, let f : X ′ → X be the composition (3.2) of blow-ups at closed points over Zχ
such that (X ′, f−1(U), f ∗χ) is clean. Then we have
(CharK(X,U, χ), T ∗XX)T ∗X = f∗(df
!CharK(X ′, f−1(U), f ∗χ), T ∗XX ×X X
′)T ∗X×XX′
= f∗(Char
K(X ′, f−1(U), f ∗χ), T ∗X′X
′)T ∗X′ .
Since (X ′, f−1(U), f ∗χ) is clean, we have
C(f ∗j!F) = (Char
K(X ′, f−1(U), f ∗χ), T ∗X′X
′)T ∗X′
as proved above. Since f−1(U) is isomorphic to U via f , we have f∗C(f
∗j!F) = C(f∗f
∗j!F) =
C(j!F) by [AS3, Proposition 2.1.6]. Hence the equation (6.2) holds.
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6.2 Proof of the main theorem
In this subsection, we prove Theorem 6.1. We assume that X is purely of dimension 2
throughout this subsection.
Let tx and ux be the multiplicities of [T
∗
xX ] in Char
K(X,U, χ) and CC(j!F) respectively
for a closed point x of D. By (2.17) and (4.2), it is sufficient to prove the equality
(6.3) tx = ux
for every closed point x of D to prove the equality (6.1).
Lemma 6.6. Assume that X is projective over k. Then we have
∑
x∈|D| tx =
∑
x∈|D| ux.
Proof. Since CharK(X,U, χ) and CC(j!F) are equal outside the closed points x of D such
that (tx, ux) 6= (0, 0) by (2.17) and (4.2), the assertion holds by Theorem 1.8 and Corollary
4.6.
Theorem 6.1 is reduced to the clean case:
Proposition 6.7. Let x be a closed point of D and assume that (X,U, χ) is clean. Then the
equality (6.3) holds for x.
We prove Theorem 6.1 by admitting Proposition 6.7. Let x be a closed point of D and let
X → X¯ be a smooth compactification over k. By blowing up X¯ outside X if necessary, we
may assume that U is the complement in X¯ of a divisor on X¯ with simple normal crossings.
Since tx and ux are defined e´tale locally, by replacing X by X¯ if necessary, we may assume
that X is projective over k to prove the equality (6.3).
Let f : X ′ → X be a composition of finitely many blow-ups at (non-clean) closed points
lying above D−{x} such that (X ′, f−1(U), f ∗χ) is clean outside f−1(x) ([K2, Theorem 4.1]).
Since tx and ux are stable under the replacement of X by X
′, we may replace X by X ′ and
we may assume that x is the unique point on X where (X,U, χ) is not clean. Hence the
equality (6.3) holds by Lemma 6.6 and Proposition 6.7.
In the rest of this section, we prove Proposition 6.7. Since CC(j!F) and Char
K(X,U, χ)
are compatible with the pull-back by the projection Xk¯ → X , we may assume that k is
algebraically closed. Further, since CC(j!F) is stable under the replacement of χ by the
p-part of χ by [SY, Theorem 0.1] and so is CharK(X,U, χ), we may assume that χ is of order
ps for an integer s ≥ 0. Since the assertion is local, we may shrink X to a neighborhood
of x and we may assume that X = SpecA is affine and Di = (ti = 0) for some ti ∈ A for
i ∈ I. Further, we may assume I = Ix. By Proposition 4.1, we may assume that (X,U, χ)
is not non-degenerate at x and I = IW,χ. Then we have I = II,χ by Corollary 2.25. We put
ni = sw(χ|Ki), s
′
i = ordp(ni), and n
′
i = p
−s′ini for i ∈ I.
After shrinking X if necessary, we take a global section a = (as−1, . . . , a0) of filRχj∗Ws(OU )
whose image in H1e´t(U,Q/Z) is χ. By Lemma 2.12, we have s
′
i < s for every i ∈ I, since
I = II,χ. We give a proof of the equation (6.3) by dividing it into the following 2 cases:
(a) ♯(I) = 1.
(b) ♯(I) = 2.
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In the case (a), we put I = {1} and as′1 = c/t
n′1
1 for c ∈ Γ(X,OX). By Lemma 2.12 and
char(χ|K1) 6= 0, we have c 6= 0 in OD1,x. Let m be the valuation of c in OD1,x. Since (X,U, χ)
is not non-degenerate at x, we have m > 0 by Lemma 2.28 (iv). We note that if s′1 = 0 then
m = 1 by m > 0 and Lemma 2.28 (iii). We divide the case (a) into the following 3 subcases:
(a1) m = 1.
(a2) 1 < m ≤ n
′
1.
(a3) m > n
′
1.
In the case (b), we put I = {1, 2} and we may assume s′1 ≤ s
′
2. We put as′1 = u/t
n′1
1 t
ps
′
2−s
′
1n′2
2
for u ∈ Γ(X,OX). Since (X,U, χ) is assumed to be clean, the element u is invertible in OX,x
by Lemma 2.28 (ii). If s′1 < s
′
2, then we put as′2 = c/t
m
1 t
n′2
2 for c ∈ Γ(X,OX) and m ∈ Z such
that −ps
′
2m ≥ −n1. Then, since char(χ|K2) 6= 0 and χ|K2 is of type I, we have c 6= 0 in OD2,x
by Lemma 2.12. Let m′ be the valuation of c in OD2,x and put M = m
′ −m. We divide the
case (b) into the following 3 subcases:
(b1) s
′
1 = s
′
2.
(b2) s
′
1 < s
′
2 and M ≤ n
′
2.
(b3) s
′
1 < s
′
2 and M > n
′
2.
We give a format of our proof for the equality (6.3) in the cases (a1)–(b3). By using
Proposition 5.1, we first reduce the proof to the case where X = A2k = Spec k[T1, T2],
Di = (Ti = 0) for i ∈ I, and where x is the origin. More precisely, we prove by using
Proposition 5.1 that we may replace a by another global section a′ of filRχj∗Ws(OU) which
is locally the image of an element of Ws(k[T1, T2, T
−1
i ; i ∈ I]) and is concretely constructed.
Then we do the reduction by using the fact that CC(j!F) and Char
K(X,U, χ) are defined
e´tale locally.
We canonically regard X = A2k as the complement Spec k[S1/S0, S2/S0] of the divisor
(S0 = 0) in P
2
k = Proj k[S0, S1, S2] by the correspondence Si/S0 7→ Ti for i = 1, 2. Then
x = (1 : 0 : 0) ∈ P2k. Let E ⊂ (S0S1S2 = 0) be a divisor on P
2
k and put V = P
2
k − E.
Let j′ : V → P2k be the open immersion. Then we construct a smooth sheaf G of Λ-modules
of rank 1 on V by concretely constructing a global section b of j′∗Ws(OV ) and by defining
G by (F − 1)(t) = b. Let ϕ be the character πab1 (V ) → Λ
× corresponding to G and regard
ϕ as an element of H1e´t(V,Q/Z) by ψ. Let Σ be the finite set of closed points of E where
(P2k, V, ϕ) is not non-degenerate. We note that if (P
2
k, V, ϕ) is clean then we have CC(j
′
!G) =
CharK(P2k, V, ϕ) outside Σ by Proposition 4.1 (i). Let t
′
y and u
′
y be the coefficients of the
fiber [T ∗yP
2
k] at y in Char
K(P2k, V, ϕ) and CC(j
′
!G) for a closed point y of E. We prove that
G satisfies the following conditions:
(i) (P2k, V, ϕ) is clean.
(ii) In the case (a1), we have x ∈ Σ and (t
′
y, u
′
y) = (tx, ux) for every y ∈ Σ. In the other
cases, we have CC(j′!G) = Char
K(P2k, V, ϕ) outside x and (t
′
x, u
′
x) = (tx, ux).
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In the case (a1), we have
♯(Σ) · tx =
∑
y∈Σ
t′y =
∑
y∈Σ
u′y = ♯(Σ) · ux
by the condition (ii) and Lemma 6.6, since the equality CC(j′!G) = Char
K(P2k, V, ϕ) holds
outside Σ by the condition (i) and Proposition 4.1 (i). Since (x ∈)Σ is not empty by the
condition (ii), we obtain the equality (6.3).
In the other cases, we have tx = t
′
x = u
′
x = ux by the condition (ii) and Lemma 6.6. Hence
the equality (6.3) holds.
We give the proofs in the order of (a1), (a2), (b1), (a3), (b2), and (b3). By the above
format, it is sufficient to reduce each proof to the case where X = A2k, Di = (Ti = 0) for
i ∈ I, and where x is the origin, construct a smooth sheaf G of Λ-modules of rank 1 on the
complement V of a divisor E ⊂ (S0S1S2 = 0) on P
2
k, and prove that G satisfies the conditions
(i) and (ii) above. Let Ui be the complement of (Si = 0) in P
2
k for i = 0, 1, 2.
(a1) Let a
′ = (a′s−1, . . . , a
′
0) be the global section of j∗Ws(OU) defined by a
′
i = t
m
2 /t
n′1
1 if
i = s′1, a
′
i = t2/t
n1
1 if i = 0, and a
′
i = 0 if i 6= 0, s
′
1. Then the Swan conductor sw(χ|K1) and
the total dimension dt(χ|K1) are stable under the replacement of a by a
′ by Corollary 2.15.
Especially I = IW,χ = II,χ is stable under the replacement of a by a
′. The condition that
(X,U, χ) is clean at x is stable under the replacement of a by a′ by Lemma 2.28 (iii), so is
[L′1,χ] by Lemma 2.22 (ii), and so is ord
′(χ; x,D1) by Lemma 2.27. Hence Char
K(X,U, χ) and
CC(j!F) are stable in a neighborhood of x under the replacement of a by a
′ by Corollary 5.2.
Thus we may replace a by a′. Since CharK(X,U, χ) and CC(j!F) are defined e´tale locally,
we may assume X = A2k, D = (T1 = 0), and that x is the origin.
Let c1, . . . , cn1−1 be n1 − 1 different elements of k
×. We put E = (S1 = 0). Let G be the
smooth sheaf of Λ-modules of rank 1 on V defined by (F − 1)(t) = b where b = (bs−1, . . . , b0)
is the global section of j′∗Ws(OV ) defined by
bi =


(S2
∏n′1−1
i′=1 (S2 − ci′S0))/S
n′1
1 (i = s
′
1)
(S2
∏n1−1
i′=1 (S2 − ci′S0))/S
n1
1 (i = 0)
0 (i 6= 0, s′1).
We prove that G satisfies the condition (i). It is sufficient to prove that (P2k, V, ϕ) is clean
at every closed point of E by Lemma 2.6 (iii). We put xi′ = (1 : 0 : ci′) for i
′ = 1, . . . , n′1 − 1
and Σ′ = {x, x1, . . . , xn′1−1}. We put z = (0 : 0 : 1). Then bs′1S
n′1
1 /S
n′1
0 is invertible in
OP2k,y for every closed point y of U0 ∩ E outside Σ
′. Further (S0 = 0) ∩ E = {z} and
bs′1S
n′1
1 /S
n′1
2 is invertible in OP2k ,z. Hence (P
2
k, V, ϕ) is clean outside Σ
′ by Lemma 2.28 (ii).
Since (S1/S0, b0S
n1
1 /S
n1
0 ) is a local coordinate system at every y ∈ Σ
′, the triple (P2k, V, ϕ) is
clean even at every y ∈ Σ′ by Lemma 2.28 (iii). Hence G satisfies the condition (i).
We prove that G satisfies the condition (ii). By Corollary 2.15, we have sw(ϕ|K1) = n1 =
sw(χ|K1) and dt(ϕ|K1) = n1+1 = dt(χ|K1). Hence the character ϕ|K1 is of type I. By Lemma
2.28 (iv), we have Σ = Σ′. Since ϕ|K1 is of type I, we have ord
′(ϕ; y, E) = ord′(χ; x,D1) for
every y ∈ Σ = Σ′ by Lemma 2.27. Since (P2k, V, ϕ) is clean, we have (t
′
x, u
′
x) = (tx, ux) by
Corollary 5.2 and we have t′y = tx for every y ∈ Σ by (4.1). By Lemma 2.22 (ii) and (4.2),
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there exists a family {(Vy, y)}y∈Σ of pointed open subschemes of P
2
k isomorphic to each other
such that CharK(Vy, Vy∩V, ϕ|Vy∩V ) = Char
K(Vx, Vx∩V, ϕ|Vx∩V ) for every y ∈ Σ if we identify
(Vy, y) with (Vx, x). Hence we have u
′
y = u
′
x for every y ∈ Σ by Proposition 5.1. Thus G
satisfies the condition (ii).
(a2) As in the proof of the case (a1), we may assume ai = t
m
2 /t
n′1
1 if i = s
′
1, ai = t2/t
n1
1 if
i = 0, and ai = 0 if i 6= 0, s
′
1. Further we may assume X = A
2
k, D1 = (T1 = 0), and that x is
the origin.
Let c1, . . . , cn1−1 be n1 − 1 different elements of k
×. We put E = (S1 = 0). Let G be the
smooth sheaf of Λ-modules of rank 1 on V defined by (F − 1)(t) = b where b = (bs−1, . . . , b0)
is the global section of j′∗Ws(OV ) defined by
bi =


(Sm2
∏n′1−m
i′=1 (S2 − ci′S0))/S
n′1
1 (i = s
′
1)
(S2
∏n1−1
i′=1 (S2 − ci′S0))/S
n1
1 (i = 0)
0 (i 6= 0, s′1).
Then, similarly as the proof of (a1), the sheaf G satisfies the condition (i).
We prove that G satisfies the condition (ii). As in the proof of (a1), we have (sw(ϕ|K1), dt(ϕ|K1)) =
(sw(χ|K1), dt(χ|K1)) and Σ = {x, x1, . . . , xn′1−m}, where xi′ = (1 : 0 : ci′) for i
′ = 1, . . . , n′1−m.
Hence ϕ|K1 is of type I. By the case (a1), we have t
′
y = u
′
y for every y ∈ Σ − {x}. Hence
we have CC(j′!G) = Char
K(P2k, V, ϕ) outside x. Since χ|K1 and ϕ|K1 are of type I, we have
ord′(ϕ; x,D1) = ord
′(χ; x,D1) by Lemma 2.27. Since IW,χ = IW,ϕ = II,χ = II,ϕ = {1},
sw(χ|K1) = sw(ϕ|K1), and both (X,U, χ) and (P
2
k, V, ϕ) are clean, we have Char
K(X,U, χ) =
CharK(X,U, ϕ|U) and CC(j!F) = CC(j
′
!G|X) in a neighborhood of x by Corollary 5.2. Hence
we have (t′x, u
′
x) = (tx, ux). Therefore G satisfies the condition (ii).
(b1) Let a
′ = (a′s−1, . . . , a
′
0) be the global section of j∗Ws(OU) defined by a
′
i = 1/t
n′1
1 t
n′2
2
if i = s′1 and a
′
i = 0 if i 6= s
′
1. By Corollary 2.15, the Swan conductor sw(χ|Ki) and the
total dimension dt(χ|Ki) are stable under the replacement of a by a
′ for i = 1, 2. Especially
I = IW,χ = II,χ is stable under the replacement of a by a
′. The condition that (X,U, χ)
is clean at x is stable under the replacement of a by a′ by Lemma 2.28 (ii), so is [L′i,χ] for
i = 1, 2 by Lemma 2.22 (ii), and so is ord′(χ; x,Di) for i = 1, 2 by Lemma 2.27. Hence
CharK(X,U, χ) and CC(j!F) are stable under the replacement of a by a
′ by Corollary 5.2.
Thus we may replace a by a′. Since CharK(X,U, χ) and CC(j!F) are defined e´tale locally,
we may assume X = A2k, Di = (Ti = 0) for i = 1, 2, and that x is the origin.
Let c1, . . . , cn1+n2 be n1+n2 different elements of k
×. We put E = (S1S2 = 0). Let G be the
smooth sheaf of Λ-modules of rank 1 on V defined by (F − 1)(t) = b where b = (bs−1, . . . , b0)
is the global section of j′∗Ws(OV ) defined by
bi =


(
∏n′1+n′2
i′=1 ((S1 + S2)− ci′S0))/S
n′1
1 S
n′2
2 (i = s
′
1)
(
∏n1+n2
i′=1 ((S1 + S2)− ci′S0))/S
n1
1 S
n2
2 (i = 0)
0 (i 6= 0, s′1).
We prove that G satisfies the condition (i). It is sufficient to prove that (P2k, V, ϕ) is clean
at every closed point of E by Lemma 2.6 (iii). We put xi′ = (1 : 0 : ci′) and yi′ = (1 : ci′ : 0)
for i′ = 1, . . . , n′1+n
′
2 and Σ1 = {x1, . . . , xn′1+n′2} and Σ2 = {y1, . . . , yn′1+n′2}. Then bs′1S
n′2
2 /S
n′2
1
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is invertible in OP2k ,y for every closed point of U1 ∩E outside Σ2 and bs
′
1
S
n′1
1 /S
n′1
2 is invertible
in OP2k,y for every closed point of U2 ∩E outside Σ1. Further (S1 = 0) ∩ (S2 = 0) = {x} and
bs′1S
n′1
1 S
n′2
2 /S
n′1+n
′
2
0 is invertible in OP2k ,x. Hence (P
2
k, V, ϕ) is clean outside Σ1 ∪Σ2 by Lemma
2.28 (ii). Since (S1/S0, b0S
n1
1 S
n2
2 /S
n1+n2
0 ) is a local coordinate system at every y ∈ Σ1 and
(S2/S0, b0S
n1
1 S
n2
2 /S
n1+n2
0 ) is a local coordinate systen at every y ∈ Σ2, the triple (P
2
k, V, ϕ) is
clean even at every y ∈ Σ1 ∪ Σ2 by Lemma 2.28 (iii). Hence G satisfies the condition (i).
We prove that G satisfies the condition (ii). By Corollary 2.15, we have sw(ϕ|Ki′ ) = ni′ =
sw(χ|Ki′ ) and dt(ϕ|Ki′ ) = ni′+1 = dt(χ|Ki′ ) for i
′ = 1, 2. Hence the character ϕ|Ki′ is of type I
for i′ = 1, 2. By Lemma 2.28 (iv), we have Σ = Σ1∪Σ2∪{x}. By the case (a1), we have t
′
y = u
′
y
for every y ∈ Σ1∪Σ2. Hence we have CC(j
′
!G) = Char
K(P2k, V, ϕ) outside x. Since ϕ|Ki′ is of
type I for i′ = 1, 2, we have ord′(ϕ; x,Di′) = ord
′(χ; x,Di′) for i
′ = 1, 2 by Lemma 2.27. Since
IW,χ = IW,ϕ = II,χ = II,ϕ = {1, 2}, sw(χ|Ki′ ) = sw(ϕ|Ki′) for i
′ = 1, 2, and both (X,U, χ) and
(P2k, V, ϕ) are clean, we have Char
K(X,U, χ) = CharK(X,U, ϕ|U) and CC(j!F) = CC(j
′
!G|X)
in a neighborhood of x by Corollary 5.2. Hence we have (t′x, u
′
x) = (tx, ux). Therefore G
satisfies the condition (ii).
(a3) As in the proof of the case (a1), we may assume ai = t
m
2 /t
n′1
1 if i = s
′
1, ai = t2/t
n1
1 if
i = 0, and ai = 0 if i 6= 0, s
′
1. Further we may assume X = A
2
k, D1 = (T1 = 0), and that x is
the origin.
Let M ′ ≥ m be an integer prime to p and put M = ps
′
1M ′. Let c1, . . . , cn1+M−1 be
n1 +M − 1 different elements of k
×. We put E = (S0S1 = 0). Let G be the smooth sheaf
of Λ-modules of rank 1 on V defined by (F − 1)(t) = b where b = (bs−1, . . . , b0) is the global
section of j′∗Ws(OV ) defined by
bi =


(Sm2
∏n′1+M ′−m
i′=1 ((S0 + S1)− ci′S2))/S
M ′
0 S
n′1
1 (i = s
′
1)
(S2
∏n1+M−1
i′=1 ((S0 + S1)− ci′S2))/S
M
0 S
n1
1 (i = 0)
0 (i 6= 0, s′1).
We prove that G satisfies the condition (i). It is sufficient to prove that (P2k, V, ϕ) is
clean at every closed point of E by Lemma 2.6 (iii). We put xi′ = (1 : 0 : c
−1
i′ ) and
zi′ = (0 : 1 : c
−1
i′ ) for i
′ = 1, . . . , n′1 + M
′ − m and z = (0 : 1 : 0) and w = (0 : 0 : 1).
We put Σ1 = {x, x1, . . . , xn′1+M ′−m} and Σ2 = {z, z1, . . . , xn′1+M ′−m}. Then bs′1S
n′1
1 /S
n′1
0 is
invertible in OP2k ,y for every closed point y of U0 ∩E outside Σ1 and bs
′
1
SM
′
0 /S
M ′
1 is invertible
in OP2k ,y for every closed point y of U1 ∩ E outside Σ2. Further (S0 = 0) ∩ (S1 = 0) = {w}
and bs′1S
M ′
0 S
n′1
1 /S
M ′+n′1
2 is invertible in OP2k ,w. Hence (P
2
k, V, ϕ) is clean outside Σ1 ∪ Σ2 by
Lemma 2.28 (ii). Since (S1/S0, b0S
n1
1 /S
n1
0 ) is a local coordinate system at every y ∈ Σ1 and
(S0/S1, b0S
M
0 /S
M
1 ) is a local coordinate systen at every y ∈ Σ2, the triple (P
2
k, V, ϕ) is clean
even at every y ∈ Σ1 ∪ Σ2 by Lemma 2.28 (iii). Hence G satisfies the condition (i).
We prove that G satisfies the condition (ii). Let K0 be the local field at the generic point
of (S0 = 0). By Corollary 2.15, we have sw(ϕ|K1) = n1 = sw(χ|K1) and dt(ϕ|K1) = n1 + 1 =
dt(χ|K1). Further, we have sw(ϕ|K0) = M and dt(ϕ|K0) =M + 1. Hence the character ϕ|Ki′
is of type I for i′ = 0, 1. By Lemma 2.28 (iv), we have Σ = Σ1 ∪Σ2 ∪ {w}. By the case (a1),
we have t′y = u
′
y for every y ∈ Σ1∪Σ2−{x, z}. We have t
′
z = u
′
z by the case (a2) and we have
t′w = u
′
w by the case (b1). Hence we have CC(j
′
!G) = Char
K(P2k, V, ϕ) outside x. Since ϕ|K1
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is of type I, we have ord′(ϕ; x,D1) = ord
′(χ; x,D1) by Lemma 2.27. Since both (X,U, χ) and
(P2k, V, ϕ) are clean, we have Char
K(X,U, χ) = CharK(X,U, ϕ|U) and CC(j!F) = CC(j
′
!G|X)
in a neighborhood of x by Corollary 5.2. Hence we have (t′x, u
′
x) = (tx, ux). Thus G satisfies
the condition (ii).
(b2) As in the proof of (b1), we may assume a
′
i = t
M
1 /t
n′2
2 if i = s
′
2, ai = 1/t
n′1
1 t
ps
′
2−s
′
1n′2
2 if
i = s′1, and a
′
i = 0 if i 6= s
′
1, s
′
2. Further we may assume X = A
2
k, Di = (Ti = 0) for i ∈ I,
and that x is the origin.
Let c1, . . . , cn1+n2 be n1 + n2 different elements of k
×. We put n′′2 = p
−s′1n2 and E =
(S1S2 = 0). Let G be the smooth sheaf of Λ-modules of rank 1 on V defined by (F −1)(t) = b
where b = (bs−1, . . . , b0) is the global section of j
′
∗Ws(OV ) defined by
bi =


(SM1
∏n′2−M
i′=1 ((S1 + S2)− ci′S0))/S
n′2
2 (i = s
′
2)
(
∏n′1+n′′2
i′=1 ((S1 + S2)− ci′S0))/S
n′1
1 S
n′′2
2 (i = s
′
1)
(
∏n1+n2
i′=1 ((S1 + S2)− ci′S0))/S
n1
1 S
n2
2 (i = 0)
0 (i 6= 0, s′1, s
′
2).
We prove that G satisfies the condition (i). It is sufficient to prove that (P2k, V, ϕ) is clean
at every closed point of E by Lemma 2.6 (iii). We put xi′ = (1 : 0 : ci′) for i
′ = 1, . . . , n′1+n
′′
2,
yi′ = (1 : ci′ : 0) for i
′ = 1, . . . , n′2 − M , z = (0 : 1 : 0), and w = (0 : 0 : 1). We put
Σ1 = {x1, . . . , xn′1+n′′2} and Σ2 = {y1, . . . , yn′2−M}. Then bs′2S
n′2
2 /S
n′2
1 is invertible in OP2k ,y for
every closed point y of U1 ∩ E outside Σ2. Further bs′1S
n′1
1 S
n′′2
2 /S
n′1+n
′′
2
0 is invertible in OP2k,y
for every closed point y of U0 ∩ (S1 = 0) outside Σ1. Since (S0 = 0) ∩ (S1 = 0) = {w} and
bs′1S
n′1
1 /S
n′1
2 is invertible in OP2k,w, the triple (P
2
k, V, ϕ) is clean outside Σ1 ∪ Σ2 by Lemma
2.28 (ii). Since (Si′′/S0, b0S
n1
1 S
n2
2 /S
n1+n2
0 ) is a local coordinate system at every y ∈ Σi′′ for
i′′ = 1, 2, the triple (P2k, V, ϕ) is clean even at every y ∈ Σ1 ∪Σ2 by Lemma 2.28 (iii). Hence
G satisfies the condition (i).
We prove that G satisfies the condition (ii). By Corollary 2.15, we have sw(ϕ|Ki′ ) =
ni′ = sw(χ|Ki′ ) and dt(ϕ|Ki′ ) = ni′ + 1 = dt(χ|Ki′ ) for i
′ = 1, 2. Hence the character ϕ|Ki′
is of type I for i′ = 1, 2. Since we have ♯(Iy) = 1 for every closed point y of E except
x, we have CC(j′!G) = Char
K(P2k, V, ϕ) outside x by the case (a). Since ϕ|Ki′ is of type
I for i′ = 1, 2, we have ord′(ϕ; x,Di′) = ord
′(χ; x,Di′) for i
′ = 1, 2 by Lemma 2.27. Since
IW,χ = IW,ϕ = II,χ = II,ϕ = {1, 2}, sw(χ|Ki′ ) = sw(ϕ|Ki′) for i
′ = 1, 2, and both (X,U, χ) and
(P2k, V, ϕ) are clean, we have Char
K(X,U, χ) = CharK(X,U, ϕ|U) and CC(j!F) = CC(j
′
!G|X)
in a neighborhood of x by Corollary 5.2. Hence we have (t′x, u
′
x) = (tx, ux). Therefore G
satisfies the condition (ii).
(b3) As in the proof of the case (b2), we may assume ai = t
M
1 /t
n′2
2 if i = s
′
2, ai =
1/t
n′1
1 t
ps
′
2−s
′
1n′2
2 if i = s
′
1, and ai = 0 if i 6= s
′
1, s
′
2. Further we may assumeX = A
2
k,Di = (Ti = 0)
for i ∈ I, and that x is the origin.
LetN ′ ≥M be an integer prime to p and putN = ps
′
2N ′. Let c1, . . . , cn1+n2+N , d1, . . . , dn1+n2+N
be 2(n1+n2+N) different elements of k
× such that c1/d1, . . . , cn1+n2+N/dn1+n2+N are differ-
ent. We put n′′2 = p
−s′1n2, N
′′ = p−s
′
1N , and E = (S0S1S2 = 0). Let G be the smooth sheaf
of Λ-modules of rank 1 on V defined by (F − 1)(t) = b where b = (bs−1, . . . , b0) is the global
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section of j′∗Ws(OV ) defined by
bi =


(SM1
∏n′2+N ′−M
i′=1 (S1 − ci′S2 − di′S0))/S
N ′
0 S
n′2
2 (i = s
′
2)
(
∏n′1+n′′2+N ′′
i′=1 (S1 − ci′S2 − di′S0))/S
N ′′
0 S
n′1
1 S
n′′2
2 (i = s
′
1)
(
∏n1+n2+N
i′=1 (S1 − ci′S2 − di′S0))/S
N
0 S
n1
1 S
n2
2 (i = 0)
0 (i 6= 0, s′1, s
′
2).
We prove that G satisfies the condition (i). It is sufficient to prove that (P2k, V, ϕ) is
clean at every closed point of E by Lemma 2.6 (iii). We put xi′ = (1 : 0 : −di′/ci′) for
i′ = 1, . . . , n′1+n
′′
2+N
′′, yi′ = (1 : di′ : 0) and zi′ = (0 : 1 : c
−1
i′ ) for i
′ = 1, . . . , n′2+N
′−M , z =
(0 : 1 : 0), and w = (0 : 0 : 1). We put Σ1 = {x1, . . . , xn′1+n′′2+N ′′}, Σ2 = {y1, . . . , yn′2+N ′−M},
and Σ3 = {z1, . . . , zn′2+N ′−M}. Then bs′2S
N ′
0 S
n′2
2 /S
n′2+N
′
1 is invertible in OP2k ,y for every closed
point y of U1 ∩ E outside Σ2 ∪ Σ3. Further bs′1S
n′1
1 S
n′′2
2 /S
n′1+n
′′
2
0 is invertible in OP2k ,y for
every closed point y of U0 ∩ (S1 = 0) outside Σ1. Since (S0 = 0) ∩ (S1 = 0) = {w} and
bs′1S
N ′′
0 S
n′1
1 /S
N ′′+n′1
2 is invertible in OP2k ,w, the triple (P
2
k, V, ϕ) is clean outside Σ1 ∪ Σ2 ∪ Σ3
by Lemma 2.28 (ii). Since (Si′′/S0, b0S
n1
1 S
n2
2 /S
n1+n2
0 ) is a local coordinate system at every
y ∈ Σi′′ for i
′′ = 1, 2 and (S0/S1, b0S
N
0 S
n2
2 /S
n2+N
1 ) is a local coordinate system at every
y ∈ Σ3, the triple (P
2
k, V, ϕ) is clean even at every y ∈ Σ1 ∪ Σ2 ∪ Σ3 by Lemma 2.28 (iii).
Hence G satisfies the condition (i).
We prove that G satisfies the condition (ii). Let K0 be the local field at the generic point
of (S0 = 0). Since we have sw(ϕ|Ki′ ) = ni′ = sw(χ|Ki′ ) and dt(ϕ|Ki′ ) = ni′ +1 = dt(χ|Ki′ ) for
i′ = 1, 2 by Corollary 2.15, the character ϕ|Ki′ is of type I for i
′ = 1, 2. Further, by Corollary
2.15, we have sw(ϕ|K0) = N and dt(ϕ|K0) = N + 1. Hence the character ϕ|K0 is of type I.
Since ♯(Iy) = 1 for every closed point of E except x, z, w, we have CC(j
′
!G) = Char
K(P2k, V, ϕ)
outside {x, z, w} by the case (a). By the case (b1), we have CC(j
′
!G) = Char
K(P2k, V, ϕ) in
a neighborhood of z. Further, by the case (b2), we have CC(j
′
!G) = Char
K(P2k, V, ϕ) in a
neighborhood of w. Hence we have CC(j′!G) = Char
K(P2k, V, ϕ) outside x. Since ϕ|Ki′ is
of type I for i′ = 1, 2, we have ord′(ϕ; x,Di′) = ord
′(χ; x,Di′) for i
′ = 1, 2 by Lemma 2.27.
Since both (X,U, χ) and (P2k, V, ϕ) are clean, we have Char
K(X,U, χ) = CharK(X,U, ϕ|U)
and CC(j!F) = CC(j
′
!G|X) in a neighborhood of x Corollary 5.2. Hence we have (t
′
x, u
′
x) =
(tx, ux). Thus G satisfies the condition (ii).
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